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Abstract. Let _F be a non-Archimedean local field. Let Wf be the Weil group 
of F and Vp the wild inertia subgroup of Wp . Let Wp be the set of equivalence 
classes of irreducible smooth representations of Wf. Let A'^{F) denote the set 
of equivalence classes of irreducible cuspidal representations of GLn(i<') and set 
Ghp = Un>i-^n(-^)- If € VVf, let ^cr G GLj;' be the cuspidal representation 
matched with a by the Langlands Correspondence. If a is totally wildly ramified, 
in that its restriction to Vp is irreducible, we treat as known. From that 
starting point, we construct an explicit bijection N : Wp — >■ Ghp, sending a to 
^a. We compare this "naive correspondence" with the Langlands correspondence 
and so achieve an effective description of the latter, modulo the totally wildly 
ramified case. A key tool is a novel operation of "internal twisting" of a suitable 
representation tt (of or Ghn{F)) by tame characters of a tamely ramified field 
extension of F, canonically associated to tt. We show this operation is preserved 
by the Langlands correspondence. 



We consider the local Langlands correspondence for the general linear group 
GL„(F) over a non- Archimedean local field F of residual characteristic p. 

1. Let Wp be the Weil group of F relative to a chosen separable algebraic 
closure F/F. For each integer n ^ 1, let 9n{F) be the set of equivalence classes 
of smooth, complex representations of which are irreducible of dimension n. 
On the other side, let yi^(F) be the set of equivalence classes of smooth complex 
representations of GL„(F) which are irreducible and cuspidal. The Langlands 
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correspondence provides a canonical bijection S° (-^) -^nl-^)' which we denote 
L : cr 1-^ V. 

The irreducible representations ofWp can be difficult to describe individually 
in any detail. On the other hand, the irreducible cuspidal representations of 
GL„(F) are the subject of an explicit classification theory [17]. One cannot 
avoid asking how this wealth of detail on the one side gets translated, via the 
Langlands correspondence, into concrete information on the other. Our work 
[10], [11], [13] on essentially tam,e representations revealed the connection in that 
case to be clear and intuitively obvious (up to a complicated, but functionally 
minor, technical correction). The aim of this paper is to bring a corresponding 
degree of clarity to the general case: while the objects under consideration 
are inherently more complicated, the transparency of the essentially tame case 
persists to a surprising degree. 

2. The set ^^{F) (resp. A\{F)) is the group of smooth characters Wf — > 
(resp. — )■ C^), and the Langlands correspondence a ^ is local class 
field theory. In the general case n ^ 2, the correspondence is specified [24] in 
terms of its behaviour relative to L-functions and local constants of pairs of 
representations, as in [30], [35]. Its existence is established, in these terms, in 
[33], [21], [25], [26]. 

Local constants of pairs of representations remain resistant to explicit com- 
putation, so the standard characterization of the correspondence is not helpful 
as a tool for elucidating it. On the other hand, it does imply that the corre- 
spondence is compatible, in a straightforward sense [16], with base change and 
automorphic induction for cyclic base field extensions [1], [27], [29]. When the 
cyclic base field extension is also tamely ramified, base change and automorphic 
induction are, to a useful degree, expressible in terms of the classification of 
cuspidal representations [3] , [4] , [8] , [9] . This paper is a systematic exploitation 
of that connection. 

3. There is a basic case, outside the scope of this paper. An irreducible smooth 
representation a of is called totally wildly ramified if its restriction cr|y^ to 
the wild inertia subgroup of Wj? is irreducible. In particular, the dimension 
of such a representation is a power p"^ of p, for some integer r ^ 0. Little is known 
of the detailed structure of such representations or their behaviour relative to the 
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Langlands correspondence. The case r = 1 has been worked through in detail 
in [31] when p — 2 (but see also [12]), and in [22] when p = 3. For general 
see [32] and [34] , plus [4] for a final detail. Some first steps towards the general 
case r ^ 2 are made in [4], [5], [6]. We do not pursue that matter any further 
here. We proceed knowing that is defined, but otherwise treat it as efi^ectively 
unknown. This degree of ignorance has little practical effect, for simple reasons 
discussed in 7.8 below. 

From that initial position, we use explicit, elementary, techniques to con- 
struct a "naive correspondence" N : S°(-^) — > ■^ni^)^ sending a to ^a. In 
particular, when a is totally wildly ramified. We estimate, closely and 

uniformly, the difference between the naive correspondence and the Langlands 
correspondence. We thereby reveal a family of transparent and intuitively ob- 
vious connections. We simultaneously uncover a novel (and useful) arithmetic 
property of the Langlands correspondence. 

4. We give an overview of the ideas leading to our main results. We start on the 
Galois side, with a description of the irreducible smooth representations of Wp- 
Since it determines the fiavour of all that follows, we give a detailed summary 
now but refer to §1 below for proofs. 

Let 7f denote the set of equivalence classes of irreducible smooth represen- 
tations of "Pp. The group acts on "Pp by conjugation. Taking a G the 
Wi?-isotropy group of a is of the form W^, for a finite, tamely ramified field 
extension E/F. We use the notation E = Zp{(x)^ and call E the F-centralizer 
field of a. We write Op[a) for the W^-orbit of a. 

Let Wi? = Un^i Sn(-^)- Starting with cr e W^, the restriction a\'j>p is a 
direct sum of irreducible representations a of IPf, all lying in the same ^Np- 
orbit. Thus a determines an orbit r\.{a) = Op{a) e ^Np\7p. If r^(cr) consists 
of the trivial representation of O^f, we say that a is tamely ramified. If it consists 
of characters of O^f, we say that a is essentially tame. 

In the opposite direction, take a e '?p and set E = Zp{a). There then exists 
p e We such that the restriction of p to CPf = ^f is equivalent to a. This 
condition determines p up to tensoring with a tamely ramified character of Wf- 
Let cr e Wf contain a with multiplicity m ^ 1, that is, let 

dim Homy (cK, o") = m ^ 1. 
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There is then a tamely ramified representation r e W^;, of dimension m, such 
that 

(1) a-Ind^S-p^T. 

Here, Ind^^ denotes the functor of smooth induction, for which we tend to 
use the briefer notation Ind^/^?. This presentation of a has strong uniqueness 
properties. 

The expression (1) has an alternative version, often more useful in proofs. 
Let Em/E be unramified of degree m. There is then an £^^/£'-regular, tamely- 
ramified character ^ of such that r = IndE^/E C Setting pm = pIw^^, 
we get 

(2) (T = IndE^/Fpm<^C 

The presentation (1) carries with it another structure. Let Xi{E) (resp. 
Xo[E)) denote the group of tamely ramified (resp. unramified) characters of E^ 
or, via class field theory, of W^. If a e Wi? contains a e Tp, we write it in the 
form (1) and, for e Xi{E), we define 

(3) (j) Qa Cr = llidE/F 4"^ P 'T- 

This gives an action of Xi{E) on the set Smi^'i ^f{c()) oia eWp which contain 
a with multiplicity m. As the notation indicates, the action does depend on a 
rather than just Op {a). Any other choice of a is of the form a'^, for some 
F-automorphism 7 of F, and we have the relation 

The case m = 1 is of particular interest, since then Sil^; Qf{ol)) is a principal 
homogeneous space over X\{E). 

5. Using the standard classification theory [17], analogous features are not hard 
to find in the irreducible cuspidal representations of groups GL„(F) although 
it takes rather longer to describe them. We need to use the theory of endo- 
equivalence classes (or "endo-classes" ) of simple characters and their tame lift- 
ing, as in [3] and the summary in [8] §1. We recall some of the main points. 
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Let ^ be a simple character in G = GLn{F), attached to a simple stratum 
[a, (5] in ^ = Mn{F). Let O = d{6) denote the endo-class of 9. This class does 
not determine the field F[(3], but it does determine both the degree and 
the ramification index e{F[j3]\F) of the field extension F[/3]/F. We accordingly 
write deg© = and e(0) = e{F[/3]\F). 

We say that 9 is m-simple if a is maximal among hereditary orders stable 
under conjugation by Let 9 be an m-simple character in G, attached 

to a simple stratum [o, (3] . By definition, ^ is a character of the group Hq = 
a). The G-normalizer Jg of 9 is an open, compact modulo centre subgroup 
of G, having a unique maximal compact subgroup Jq = J'^(/3, a). An extended 
maximal simple type over 9 is an irreducible representation A of Je, containing 
9, and such that A\ ja is a maximal simple type in G, in the sense of [17]. Let 
7{9) denote the set of equivalence classes of extended maximal simple types over 
9. 

Taking a different standpoint, let tt be an irreducible cuspidal representation 
of G: in our earlier notation, tt e A'^{F). The representation tt contains an 
m-simple character 9.^. Any two choices of 9.,^ are G-conjugate, hence endo- 
equivalent. In other words, the endo-class ■&{7r) = cI{9t^) depends only on tt. 
Certainly, deg'!?(7r) divides n. 

Let be an endo-class of degree d dividing n, say n = md. Let A^{F; O) be 
the set of TT e A^{F) such that 7?(7r) = 0. There is a unique G-conjugacy class 
of m-simple characters ^ in G satisfying cl{9) = 0. The principal results of [17] 
assert that, for any such 9, we have a bijection 

7(9)^A'iiF;0), 

(4) r< 

A^ c-Ind% A. 

6. We introduce a new element of structure. We start with an m-simple char- 
acter ^ in G = GL„(F), attached to a simple stratum [a, /?]. We let T/F be 
the maximal tamely ramified sub-extension of the field extension F[/3]/F. The 
character 9 then determines T uniquely, up to unique F-isomorphism. We refer 
to T/F as a tame parameter field for 9. 

We define an action of Xi (T) on the set 7{9). Let Gt denote the G-centralizer 
of T^. Thus Gt = GL„^(T), where n/nr = [T:F]. Let detr : Gt ^ be the 
determinant map. Let e Xi{T). There is a unique character of Jg which 



6 



C.J. BUSHNELL AND G. HENNIART 



is trivial on Jq = J^{/3, o) and agrees with o dety on Gt n Jq. For A e 7{9), 
we define 

(f) Q A = (f)-^ A. 

The representation (pQ A is again an extended maximal simple type over 9, and 
we have defined an action 

of the abelian group Xi{T) on the set 7{9). 

One is tempted to use the induction relation (4) to transfer the action (5) to 
one of Xi{T) on A'^{F; 0). However, the resulting action depends on the choice 
of 9 within its G-conjugacy class. 

We must therefore proceed more circumspectly, via an external definition of 
the concept of tame parameter field. An endo-class ^ is called totally wild if 
deg^ = e(^) = p^, for some integer r ^ 0. Taking O as before, a tame parameter 
field for is a finite, tamely ramified field extension E/F such that O has a 
totally wild i?/F-lift, the extension E/F being minimal for this property. Such 
a field E exists, and it is uniquely determined up to F- isomorphism. 

We choose an m-simple character 9 in GL„(F), with tame parameter field 
T/F and cl{9) = O. The field T is F-isomorphic to E. The pair {9,T) de- 
termines an endo-class Ot, which is a totally wild T/F- lift of O: this is the 
endo-class of the restriction of 9 to the group Hq fl Gt- If / : F — > T is an 
F-isomorphism, the pull-back /*0t is a totally wild F/F-lift of O. If we fix a 
totally wild F/F-lift ^ of O, there is a unique choice of / : F — > T such that 
= ^. Combining this with (4) and (5), the resulting action of Xi(F) on 
yi^(F; O) depends only on ^. We accordingly denote it 

X,iE)xAl{F;0)-^Al{F;e), 

(0, Tt) I > (J) 0!Z^ TT. 

The case m = 1 is of particular interest, since then Ai{F; O) becomes a principal 
homogeneous space over Xi (F) . 

The various actions are related as follows. If ^' are totally wild F/F- lifts 
of 0, there exists an automorphism 7 of F such that ^' = ^'^ . We then have 

([P Q^i TT = TT, 
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for all (j) e Xi{E) and all tt G A^{F; O). All of these actfons extend the standard 
actfon of twisting by characters of F^: if x ^ ^"^^ Xe = X°^e/f, then 

TT = XTT : 5n — V x(det g) n{g). 

Overall, these discussions attach to tt e •A°(F) an endo-class O = '&{7r), a 
finite tame extension E/F, an integer m = n/deg0 and, relative to the choice 
of a totally wild E/F-liR W of 6», an action 0^ of Xi{E) on A'^{F;0). In 
particular, Al{F; O) is a principal homogeneous space over Xi{E). All of this 
is, at least superficially, parallel to the structures uncovered on the Galois side. 

7. We may now start to build a connection between the two sides. The founda- 
tion is a result from [8] , generalizing the ramification theorem of local class field 
theory. Let ^{F) denote the set of endo-classes of simple characters over F. 

Ramification Theorem. There is a unique bijection '■ Wf\7f — >■ ^{F) 
such that 'd{^a) = $F(r^(cr)), for all a e Wp- 

This result expresses the relationships between the Langlands Correspon- 
dence, tamely ramified automorphic induction and tame lifting for endo-classes. 
It relies on the explicit formula [15] for the conductor of a pair of representa- 
tions. We show here that the map is compatible with tamely ramified base 
field extension: if K/F is a finite tame extension and a e "Pp, then ^k{o() is a 
K/F-m of We deduce: 

Tame Parameter Theorem. Let a & "Pp and write ^p{a) = ^p{Op{a)). 

(1) The field Zp{a)/F is a tame parameter field for ^p{a) and 

deg$F(ci;) = [Zp{a):F] dim a. 

(2) For each m ^ 1, the Langlands correspondence induces a bijection 
(6) 9l{F;0p{a))^Al{F;^p{a)). 

We therefore concentrate on analyzing the bijection (6) of the theorem. 
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8. We return to the presentation (2) of an element a of S^(-?^; In par- 

ticular, q; e O^F has F-centralizer field E/F. We take the unramified extension 
Em/E, in F, of degree m and set A = Gal^Ejn/E). The orbit 0£^(q;) is just 
{a}, so we abbreviate 9i{Em] = 9i{Em] «)• Note that all representa- 

tions ly e 2i{Em',(x) are totally wildly ramified. 

The group A acts on 9i(-E'^; a) in a natural way; let 9UEm] a)^""^ denote 
the subset of Z\-regular elements. As in (2) above, we have a canonical bijection 

IndE^/F ■■ A\9UEm; a)^-^^^ Sl{F; O^^(a)). 

If we take e Xi{E) and write = o ^Em/Ej this bijection satisfies 

Inds^/F (f)m ® = (f> Qa Inde^/F z^, G S?(-E,„; a)^"''''^, 

by definition. 

Moving to the other side, set ^ = ^»£(q;) and = ^»£'^(q!). Thus W is 
a totally wild E/F-\iit of = $i?(Q!), and E/F is a tame parameter field for 
0. The endo-class is the unique £^r„/£'-lift of ^. The natural action of A 
on endo-classes over Em fixes IfVn, so A acts on If'^). The Langlands 

correspondence induces a /A-bijection SiC-Em,; a) — > ^^m) such that 

The heart of the paper is the explicit construction in §5 of a canonical bijection 
indE^/F : A\Al{Em; ^m)^-'''' O) 

such that 

mdE^/F{(pmP) = 4>Q^ indE^/FP, 

for p E Ai{Em',^m)'^'^^^ and (j) E Xi{E). This is defined in terms of extended 
maximal simple types, using a developed version of the Glauberman correspon- 
dence [20] from the character theory of finite groups. It is elementary and 
completely explicit in nature, but we say no more of it in this introductory 
essay. 

Immediately, there is a unique bijection 
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such that the following diagram commutes. 

g^(F;0^(a)) > Al,{F-0). 

N 

This naive correspondence N further satisfies 

for e (7 e S^(F; OF(a)), and where = 

9. Our main result compares the two bijections g^(F;OF(Q;)) A%^{F;e) 
induced by, respectively, the Langlands correspondence cr i-> ^cr and the naive 
correspondence u i-> ^u. 

Let XQ{E)m denote the group of x ^ Xq{E) for which = 1. 

Comparison Theorem. Let a e '?f have F-centralizer field E/F and let 
m ^ 1 be an integer. There exists a character ji = //^ q, G Xi (E) such that 

cr — fJ-Q^Eia) cr, 

for all a e S^(F; Of(ci;)). The character //^^q; uniquely determined modulo 
Xo{E)m- 

We note that, if x G Xo{E)m and tt G then x 0$£;(a) tt = tt. 

The Comparison Theorem has the following immediate corollary, tying together 
the two "interior twisting" operations. 

Homogeneity Theorem. If a e Smi^'i Of(q;)) and (j) G Xi{E), then 

^(0 ©a = 00*B(a) ^(^■ 

The third of our main results is the Types Theorem of 7.6. If a G and 
TV = ^a, then tt contains a maximal simple type. The Types Theorem allows one 
to read off the structure of this type from the presentation (1) of a. 
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10. In the essentially tame case, we gave a complete account of the "discrepancy 
character" ^ , purely in terms of the simple stratum underlying the endo-class 
^F{ct) [10], [11] [13]. Even there, it poses challenging problems and we make no 
such attempt here. In the general case, we determine its restriction to units of 
E: this is the essence of the Types Theorem. Consideration of central characters 
yields its restriction to (F><)"^dima (7.3.2). The character ^u^^ of E"" is thereby 
determined up to an unramified factor of degree dividing me{E\F) dima (and 

is only defined modulo unramified characters of order dividing m). In 
principle, therefore, it is amenable to description in terms of local constants of 
a finite number of pairs, using [7]. 

11. We indicate briefly the strategy of the proof. This follows the essentially 
tame case quite closely, but the technical hurdles are somewhat higher. 

The diagram (★) has an analogue relative to the Langlands correspondence: 
there is a unique bijection 

such that the diagram 

(t) Inds^/F ^Em/F 

g^(F;0^(a)) > 

L 

commutes. We have to compare a^E^/F with indE^/F- 
The field extension Em/F admits a tower of subfields 

Em = Lq D Li D ■ ■ ■ D Lr D L^+i = F, 

in which 

(1) Lr/F is unramified; 

(2) Li/Li+i is cyclic and totally ramified of prime degree, 1 ^ i ^ r— 1; 

(3) the group of Li-automorphisms of Lq is trivial. 

The map a^E^/F has a corresponding factorization 
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in which each map labelled A is automorphic induction, in the sense of [27] , [28] , 
[29]. The first factor, sllo/Li-, is defined by the diagram (f) relative to the base 
field Li in place of F. 

Comparison of Q-l^/l^ with ind^^jL^ is straightforward. One sees easily that 
these two maps differ by the 0-twist with a character z^Lq/Li °^Em/E-, indepen- 
dent of the representations under consideration. However, the method gives no 
information about this character. From then on, we work inductively, comparing 
iiT'dLo/Li+i with Al./l._^^ ^indL^/L.. We have to show that these two maps differ 
by the 0-twist with a character I'Li/Li+i ^ Xi{E). The discrepancy character 
fi is then the product of these characters v. 

We give an exact, rather than informative, expression for each of the charac- 
ters I'Li/Li+u 1 ^i ^ r. When the sub-extension in question is totally ramified, 
that is, when 1 ^ z ^ r— 1, the formula (8.9 Corollary) involves an induction 
constant and transfer factor arising from the automorphic induction equation, 
along with some symplectic signs coming from the Glauberman correspondence. 
While we make no attempt to evaluate it in general, a simple exercise shows, for 
instance, that the character is trivial when p[Li:Li^i] is odd. For the unrami- 
fied extension Lr-i/Lr, the corresponding character has order ^ 2. We give an 
explicit formula (10.7 Corollary) involving only elementary quantities and some 
symplectic signs. 

Our handling of the automorphic induction equation, for a tame cyclic exten- 
sion K/F, directly generalizes the method of [10], [13]. It requires the Uniform 
Induction Theorem of [13], [28] to control an induction constant. Since we can 
only rely on rather weaker linear independence properties of characters, we have 
to compensate by a closer investigation of transfer factors. These do not seem 
amenable to direct computation, so we have had to evolve some novel methods. 
Likewise, we have had to develop a more structural approach to the symplectic 
signs. 

Note on characteristic. We shall often refer to our earlier papers [3], [4] and 
their successors, in which we imposed the hypothesis that F be of characteristic 
zero. The only reason for doing that was the lack of a theory of base change and 
automorphic induction in positive characteristic. Such material is now available 
in [29], so the results of all of our earlier papers in the area apply equally in 
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positive characteristic. 

Notation and conventions. The following will be standard throughout, and 
used without further elaboration. If F is a non- Archimedean local field, we 
denote by Of the discrete valuation ring in F, by pi? the maximal ideal of Of, 
and by the residue class field Op/pF- The characteristic of is always 
denoted p. We set Up = Up = Op and Up = 1+pp, k ^ 1. We write ftp for the 
group of roots of unity in F of order prime to p. In particular. Up = I-if x Up 
and reduction modulo p p induces an isomorphism np = kp. 

If E/F is a finite field extension, we denote byN^/F • — > F^ and 
Ttp/p : E ^ F the norm and trace maps respectively. We write Ant {E\F) for 
the group of F-automorphisms of the field E. If E/F is Galois, then Aut(F|F) = 
Gal (F/F). 

We fix, once for all, a separable algebraic closure F/F and let Wf be the 
Weil group of F/F. We let 3p, Tp denote respectively the inertia subgroup and 
the wild inertia subgroup of Wf- If F/F is a finite separable extension with 
F C F, we identify the Weil group Wf of F/F with the group of elements of 
Wf which fix F. 

We denote by Xo{F) (resp. Xi{F)) the group of smooth characters Wf — ?■ 
which are unramified (resp. tamely ramified) in the sense of being trivial on Jf 
(resp. T'p). 

We let aF : Wf — > F^ be the Artin Reciprocity map, normalized to take 
geometric Probenius elements of Wf to prime elements of F. We use aF to 
identify the group of smooth characters of Wf with the group of smooth char- 
acters of F^. In particular, we identify Xo(F) (resp. Xi(F)) with the group of 
characters of F^ which are trivial on Up (resp. Up). If m ^ 1 is an integer, 
then Xo{F)m is the group of x £ -^o(-^) such that x"* = 1- 

Let n ^ 1 be an integer; let A = M^(F) (the algebra of n x n matrices 
over F) and G = GL„(F). If a is a hereditary OF-order in A, with Jacobson 
radical rada = pa, we write Ua = U^ = , and U^ = l+p^, k ^ 1. We write 
%a = {x ^ G : x~^ax = a}. The group Xa is also the G-normalizer of 

If Z\ is a group acting on a set X, we denote hy X^ the set of Z\-fixed points 
in X. An element a; of X is A-regular if its Z\-isotropy is trivial. We denote by 
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^^-reg ^Yie set of Z\-regular elements of X. 

1. Representations of Weil groups 

We give a systematic account of the irreducible smooth representations of the 
locally profinite group Wi?, in terms of restriction to the wild inertia subgroup 
CPi? of Wf- The material of the section, as far as the end of 1.4, is basically 
well-known but we need to have all of the relevant details in one place. 

Let E / F he a finite field extension, with E G F. If a, resp. p, is an irreducible 
smooth representation of Wj?, resp. We, then both the smoothly induced rep- 
resentation IndE/FP = Ij^d^^ p, and the restricted representation cr Iw^, are 
finite-dimensional and semisimple, cf. [12] 28.7 Lemma. Consequently, we may 
work entirely within the category of finite-dimensional, smooth, semisimple rep- 
resentations of Wp, using the elementary methods of Clifford-Mackey theory. 

1.1. Let n ^ 1 be an integer. Let Sn(-^) denote the set of equivalence classes 
of irreducible smooth representations of Wf of dimension n. We set 

= u s'nin 

If (7 is a smooth representation of W^, we say that a is unramified (resp. tamely 
ramified) if Kercr contains (resp. ^f)- 

1.2. Let 7f denote the set of equivalence classes of irreducible smooth repre- 
sentations of the profinite group CPf- The group Wf acts on [Pf by conjugation. 

Let a e CPf- Since CPf is a pro-p group, the group Q!(J'f) is finite. The 
dimension of a is finite and of the form p'^, for an integer r ^ 0. Let 

Npia) = {g eWp : = a}, 

where denotes the representation x i-)- a{gxg~^) of 'Pp- 

Proposition. Let o; e CPf- There is a finite, tamely ramified field extension 
E/F, with E gF, such that iVF(a) = Wf- 

Proof. Since dim a is finite, the smooth representation of Wf compactly induced 
by a is finitely generated over Wf. It therefore admits an irreducible quotient. 
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a say. The dimension of a is finite (see 28.6 Lemma 1 of [12]), so cr|y^ is a 
finite direct sum of irreducible representations, all conjugate to a. Moreover, 
any Wi?-conjugate of a occurs here. Thus Np{a) is closed and of finite index 
in Wf- It follows that Np{a) is open in Wf, of finite index and containing CP^. 
That is, NF{a) = W^, for a finite, tamely ramified extension E/F inside F. □ 

In the situation of the proposition, we call E the F-centralizer field of a, and 
denote it Zpia). 

1.3. We consider extension properties of a given representation a e Tp- 

Let E = Zpia). If KjF is a finite, tamely ramified extension, inside F, such 
that a admits extension to a representation of W^^, then surely K D E. In the 
opposite direction, we prove: 

Proposition. Let a G "Pf, and let E = Zf{c()- 

(1) There exists an irreducible smooth representation p of We such that 

(a) pI-Pj, = a, and 

(b) detp\jp has p-power order. 

(2) If p' is a smooth representation of We such that p'\yp = ol, then there 
exists a unique character x £ Xi[E) such that p' = p ® X- 

Proof. We first concentrate on the uniqueness properties. 
Lemma 1. 

(1) Let 9 he an irreducible smooth representation of Jp such that 9\j>p is 
irreducible. If is a character of Jp, trivial on 'Pp, such that d®'4> = 6, 
then if; = 1. 

(2) Let T be an irreducible smooth representation of Wp such that t\j>p. 
is irreducible. If is a tamely ramified character of Wp, such that 
r ® = r, then if; = 1. 

Proof. In part (1), we view 9 and t/j^O as acting on the same vector space V, say. 
By hypothesis, there is a map / G Autc(V^) such that / o 6(g) = il){g)6{g) o /, 
for all g G Jf- In particular, / o 6{x) — 9{x) o /, for x G Tp. Since 0\'j)p is 
irreducible, the map / is a non-zero scalar, whence ip is trivial, as required. The 
proof of (2) is identical. □ 
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Lemma 2. 

(1) There exists a unique smooth representation pa of 3e such that 

(a) Pal^F = OL, and 

(b) the character det pa has finite p-power order. 

(2) If p' is an irreducible smooth representation of Je such that p'lvp con- 
tains a, then p' = p^,® if:, for a unique character i/j of '^e/'^f- 

Proof. Let r be an irreducible smooth representation of such that T|y^ con- 
tains a. Thus T\-y>p is a multiple of a. If X = Kerr, then a surely extends 
uniquely to a representation ri of CPf^C which is trivial on X. The restriction 
tI'S'p'x is thus a multiple of ti. The quotient J^/CPfX is finite cyclic, and ri is 
stable under conjugation by J^;. Therefore ri admits extension to a representa- 
tion, fi say, of J^. The irreducible representations of J^; containing ri are then 
of the form x CB) ri, where x ranges over the characters of trivial on 'J'f%. In 
particular, r|y^x — t~i and so r|y^ = a. 

This argument also shows that, if r' is an irreducible smooth representation 
of J^; containing a, then r' = r V') for a character ij) oi 3e/7'f- Consider the 
determinant character 

(1.3.1) det(T®V) = V''^'"'^detT. 

The dimension dimr = dim a is a power of p, the character detr has finite 
order, while ip has finite order not divisible by p. Thus there is a unique choice 
of ip such that det(T (8) ip) has p-power order. This proves (1). 

In (2) the existence assertion has already been proved. The uniqueness prop- 
erty is given by Lemma 1. □ 

We prove the proposition. The uniqueness property of pa (as in Lemma 2) 
implies that pa is stable under conjugation by W^- The group We/3e is infinite 
cyclic and discrete, so Pet admits extension to a smooth representation p of W^;, 
as required for part (1). For the same reason, any irreducible representation of 
W^; containing po, is of the form ip® p., for a character of W^/CPi?, as required 
for part (2). The uniqueness assertion of (2) is given by Lemma 1. □ 
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1.4. To analyze the irreducible smooth representations of Wp, we introduce a 
class of objects generalizing the admissible pairs of [10]. (See below, 1.6 Remark, 
for the precise connection.) 

Definition. An admissible datum over F is a triple (E/F, p,t) satisfying the 
following conditions. 

(1) E/F is a finite, tamely ramified field extension with E <Z F. 

(2) p is an irreducible smooth representation of W^; such that the restriction 
a = p\yp is irreducible and Zp{a) = E. 

(3) T is an irreducible, smooth, tamely ramified representation of We- 

Two admissible data {Ei/F, pi,Ti) over F, i = 1,2, are deemed equivalent 
if there exist g E Wp and x ^ ^1(^2) such that £'2 = -Ef , P2 — pf ® X 
T2 — rf <SiX~^ ■ Let 0(F) denote the set of equivalence classes of admissible data 
over F. 

If {E/F, p, r) is an admissible datum over F, we define 
(1.4.1) E{p,T) = hidE/Fp®r. 

Surely S{p,t) depends only on the equivalence class of the datum [E / F, p,t). 
The main result of the section is the following. 

Theorem. If {E/F,p,t) is an admissible datum over F, the representation 
E{p,t) of Wp is irreducible. The map E : <&{F) — >■ Wi? is a bisection. 

Proof. Let {E/F,p,t) be an admissible datum. Wc prove that Indp/p p ^ t 
is irreducible. Set a = p\'j>p. The tamely ramified representation r G is 
of the form r = Indi^/£;X, where K/E is a finite, unramified extension and 
X e Xi{K) is such that the conjugates x^, g G W/^yW^;, are distinct. Writing 
Pk = p|wk7 have p ® t = Ind^/F Pk ® X- Let x G Wf intertwine pK ® X- 
It also intertwines a = (pk ^ x)\'J'f^ therefore lies in W^;. The conjugate 
representation {pK ^ x)^ = Pk ® X^ is equivalent to pK ® X- Part (2) of 1.3 
Lemma 1 implies x^ — X; whence x G W^. Thus 

Indp/F P ®T = Indx/F Pk®X 

is irreducible, as required for the first assertion of the theorem. This same 
argument also proves: 
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Lemma. Let r, r' he irreducible, tamely ramified representations of of 
the same dimension. If the representations p®r, p®r' are intertwined by an 
element of Wp, then r = r' . 

We next show that the map E : (5(F) ^ Wj? is injective. Let {E/F,p,t), 
{E'/F,p',t') be admissible data with the same image. The representations 
a = pI^j,, a' = p'\-j>p are therefore W^-conjugate. Replacing [E' jF^^p' .,t') by a 
conjugate, which does not affect its equivalence class, we may assume E' = E 
and a' = a. By 1.3 Proposition, p' = p(^il;, for some tamely ramified character 
ip of We- Adjusting {E/F,p',t') in its equivalence class, we can take p' = p. 
The lemma now implies r' = r, as required. 

It remains to show that the map U is surjective. Let a G W^r, let a be an 
irreducible component of cr|g>^, and set E = Zp{a). Let 9 denote the natural 
representation of W^; on the a-isotypic subspacc of a. Let 6q be an irreducible 
component of 9. Any element of Wj7 which intertwines ^Iso intertwines a 
and so lies in W^;. This shows that Indp/j? Oq is irreducible, hence equivalent to 
a. The Mackey induction formula further shows that 9q — 9. 

By its definition, the restriction of 6* to CPp is a direct sum of copies of a. By 
part (2) of 1.3 Lemma 2, the restriction of ^ to is a direct sum of represen- 
tations Pa ® "ip, with Pa as in that lemma and various characters tp of 'Je/'^f- 
Moreover, if we choose such an i/j, an element x eWe intertwines p® ip if and 
only if = t/j. The W^j-stabilizer of tp is of the form W^, where K/E is finite 
and unramified. Since pa admits extension to a representation p of (1.3 
Proposition) and Wk/'^e is cyclic, the representation pa®ip extends to a repre- 
sentation p|wx ® of Wx, occurring in ^|wjf • We then have 9 = p®T, where 
T = Ind^/s?^- The triple {E/F,p,t) is an admissible datum and E{p,t) = cr, 
as required. 

This completes the proof of the theorem. □ 



1.5. Let e WfX^f, say is the WF-orbit Opia) of a e ?f- We set 



(1.5.1) 



d{0) = dpia) = [Zp{a):F] dim a. 



If m ^ 1 is an integer, we define 9^(F; 0) to be the set of o" € S! 
that a"|y^ contains a. From 1.4 Theorem, we deduce: 



,0 

md{0) 



(F) such 
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Corollary. Let m be a positive integer, let a e J^p and write = Of{(x)- For 
cr e Wf, the following are equivalent: 

(1) aeSUF;0); 

(2) there is an admissible datum {E/F,p,t) such that p\j>p. = a, dimr = m 
and a = S{p, r); 

(3) dim Homy (q!, a) — m. 

The theorem also reveals a useful family of structures on the set Wf- 

Taking a e and = Of (a) as before, set E = Zpia). For a e S^(i^; 0) 
and (j) e Xi{E), we define a representation (j) Qa a E 9m{F; 0) as follows. We 
write a = E{p,t), for an admissible datum {E/F,p,t) with p|y^ = a. The 
triple {E/F,(j)® p, r) is again an admissible datum. We put 

(1.5.2) (l)(Da,a = E{(j)®p,T) = E{p,(j)®T). 

This does not depend on the choice of datum (E/F.p.r) satisfying the stated 
conditions. The pairing (0, u) i-^ 00a u endows Smi^'i ^) with the structure of 
Xi (£^)-space, in that 

#' Q^a = (f)Qa {(j)' Qa cr), 
for GXi(i?), a Gg^(F;0). 

This structure does depend on a rather than on and E. For, if a' G and 
Zf(q;') = E, then a' = aP' , for some 7 G Avii{E\F). We then get the relation 

(1.5.3) (P Q^-,a^(i)Q^a, 

for (/) G Xi{E), a G g^(F;0). (Clearly, the relation (1.5.3) holds equally for 
any 7 G Wf.) 

Working for the moment with base field E^ the WF-orbit of a is {a} and so 
we write %%^{E\a) rather than 9^(-E'; {a}). In this case, the definition (1.5.2) 
reduces to 

(1.5.4) 0O, (7 = <8) 0", 
for a G gj^(£;; a) and G X^{E). 
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Proposition. The map 

a I — > Ind EjF^i 

is a bijection satisfying 

(1.5.5) Inds/F0<H)(^ = 00aInds/F(^, (j) e Xi{E), a e S^{E;a). 

In particular, 9i{F; 0) is a principal homogeneous space over Xi{E). 

Proof. The first assertion follows from 1.4 Theorem and the definitions. The set 
9i{E; a) is a principal homogeneous space over Xi{E), by 1.3 Proposition. The 
second assertion now follows from the first. □ 

1.6. For some purposes, a variant of 1.4 Theorem is technically convenient. 

Let a e CPi? and set E = ZF{a). Let Em/E be unramified of degree m 
and set A = Gal{Em/E). The group A then acts on the set Si(-Em,; a). Let 
Si(-E'^; a)^''^^^ denote the subset of /A-regular elements. (As usual, an element 
of a Z\-set is called /A-regular if its Z\-isotropy group is trivial.) 

If (j) E Xi{E), write (/)rn = 4> ° ^Em/E- The group Xi{E) thus acts on 
^\{Em]a) by ((/>, C) i-)- </>m ® C- The subset g5(£;^; q;)"^"''^^ ig stable under this 
action. 

Proposition. e Si(-£^m; ot)'^'^^^, the representationlndE^ / f C irreducible 
and lies in Sm{E', 0), = Opioi)- Moreover, 

for (j) e Xi{E) and ( e SliEm; a)^-'""^. The induced map 

IndE^/E : A\9UEm; a)^-'^^ g^(F; 0) 

is bijective. 

Proof. Choose p e 9i{E; a) and set = p\we ■ 
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Lemma. The map 

X^{Em)^9UEm;a), 

O >C'^Pm, 

is a bijective A-map. 

Proof. The lemma follows directly from 1.3 Proposition. □ 

In particular, ^ <S) Pm is /A-regular if and only if ^ is /A-regular, and this 
condition is equivalent to IndE^/E^ being irreducible. We have 

Thus IndEm/E induces a bijection 



The proposition now follows from 1.5 Proposition. □ 

Remark. Suppose dim a = 1 and let C, G S5(£'^;q!). Thus dim^ = 1 and we 
may view C as a character of E^., via local class field theory. The representation 
C lies in S5(-^m; ct)^''^®^ if and only if the pair {Em/F,Q is admissible, in the 
sense of [10]. 



2. Simple characters and tame parameters 

We recall the theory of simple characters [17] and tame lifting [3]. We orient 
the treatment so as to give a degree of prominence to a certain tamely ramified 
field extension attached to a simple character 9. The invariance properties of 
this tame parameter field provide the only novelty here. The main result (2.7) 
is rather technical, but essential for what follows. 

We follow the notational schemes of [17] and [3], making some minor modifi- 
cations to indicate more clearly the interdependences between various objects. 
The notation introduced here, particularly that in 2.3, will be standard for the 
rest of the paper. 
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2.1. Let n ^ 1 be an integer, and set A = M„(F), G = GL^(F). We consider 
a simple stratum in A of the form [a, I, 0, /5] (as in [17] Chapter 1). The positive 
integer I is determined by the relation /3a = p^', where pa is the Jacobson radical 
of a, so we tend to omit it from the notation and abbreviate [a, /, 0, /3] = [a, /3]. 

As in [17] Chapter 3, the simple stratum [a, (3] determines compact open 
subgroups 

iyi(/3,a)c Ji(/3,a)c jO(/3,a) 

of Ua-i such that J^{/3, a) — J^{(3, a) n Ul- Let A^ denote the centralizer of ^ 
in A. Thus Ap is isomorphic to a full matrix algebra over the field F[0\ and 
0/3 = an is a hereditary Oi?[^]-order in Ap. We set 

A smooth character ipp of F, of level one, attaches to the stratum [o, /3] a non- 
empty set C(a, P^ipp) of distinguished characters of the group H^{/3, a), as in [17] 

3.2. These are known as simple characters. Since i(^f will be fixed throughout, 
we usually omit it from the notation. We assemble a variety of facts about this 
situation, using [17] 3.3.2, 3.5.1. 

(2.1.1) Let [a, P] be a simple stratum in A and let $ e G{a, P,i(^f)- Let /g(^) 
denote the set of elements of G which intertwine 6 and let Jq he the group of 
g & G which normalize 9. 

(1) The group Jq is open and compact modulo centre in G. Moreover, 

(a) the group Jq has a unique maximal compact subgroup Jq, 

(b) the group Jq has a unique maximal, normal pro p-subgroup Jq, and 

(c) the set Ig{9) is JqG^Jq = JqG^Jq, where Gp denotes the G- 
centralizer of j3. 

(2) If [a', P'] is a simple stratum in A such that 9 e C{a' , P' ,i(^f), then 

(a) a' = a, 

(b) e{F[P']\F) = e{FmF), f{F[P']\F) = f{F[P]\F), 

(c) J^ = J^{/3', a'), J^ = J^{/3', a'), and 

(d) Je = J(/3',a'). 
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In particular, the conclusions (c), (d) of (2) hold for [a',/?'] = [a,/?]. 

If 9 G C(a, for a simple stratum [a, /3], we say that F[I3]/F is a parameter 
field for 9. The isomorphism class of F[P]/F is not necessarily determined by 
9, as the following example shows. 

Example. Take G = GLp(F), A — Mp(F), and let a be a minimal hereditary o^- 
order in A. We fix a simple stratum [a, 1, 0, a] in A (to use the full notation for 
once). If E/F is a totally ramified extension of degree there is an embedding 
L : E ^ A such that lE^ C %a. There exists 13 e E such that [a, 1,0, 
is equivalent to [a, 1,0, ct], that is, = a (mod a). In particular, e(a, a) = 
C(a, So, if ^ e C(a, a), then every totally ramified extension E/F, of degree 
p, is a parameter field for 9. 

Returning to the general situation, it is necessary to extend the framework to 
include the notion of a trivial simple character: a trivial simple character is the 
trivial character of U^, for a hereditary Op-order a in M„(F), for some n ^ 1. 
If 9 is such a character, we define Jg, J^, J} as in (2.1.1), to obtain Jq = Xa, 
Je = Ua, Jq = U^. We may treat this case within the same framework, simply 
by taking the view that F[P] — F. 

2.2. We consider the class of all simple characters 9 e C(a, ^,'0i?), as [a, /5] 
ranges over all simple strata in all matrix algebras M„(F), n ^ 1. As in [3], 
this class carries an equivalence relation, called endo-equivalence, extending the 
relation of conjugacy (see (2.2.4) below). 

We let £(-F) denote the set consisting of all endo-equivalence classes of simple 
characters, together with a trivial element Op which is the class of trivial simple 
characters. 

If e £(-F) and 9 E O, we say that ^ is a realization of O and that O is 
the endo-class of 9. We use the notation O = cl{9). From the definition of 
endo-equivalence [3] and (2.1.1), we obtain: 

(2.2.1) Let O e £(F), Op- If 9i e e(ai,/3i) is a realization of O, for 
i = 1,2, then 

e(F[A]|F) = eiF[P,]\F), /(F[A]|F) = fiF^F), 



and hence [F[Pi]:F] = [F[P2]:F]. 
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In this situation, we set 



(2.2.2) e(0) = e(F[A]|F), f{e) = f{F[p,]\F), degO = [F[pi]:F]. 



If 6> e £(F), 6> ^ Of, and if ^ e e(a, f3) is a realization of 6>, we say that F[P]/F 
is a parameter field for 0. By convention, F is the only parameter field for Op. 
In general, however, the parameter field is not uniquely determined (as in the 
Example of 2.1). 

Finally, we recall [17] 3.5.11, [3] 8.7: 

(2.2.4) Fori = 1, 2, let [a, A] be a simple stratum in Mn{F) and let 9i G C(a, fii). 
The following conditions are equivalent: 

(1) 9 1 intertwines with 62 in G; 

(2) 9i is conjugate to 62 in G; 

(3) 9i is endo- equivalent to 6*2 • 

2.3. We recall from [3] some fundamental properties of endo-classes of simple 
characters, relative to tamely ramified base field extension. We take the oppor- 
tunity to fix some notation for the rest of the paper. 

From [3] 7.1, 7.7, we obtain the following facts. 

(2.3.1) Let [a, 13] be a simple stratum in A — M„(F). Let K/F be a subfield of 
A satisfying the following conditions: 

(a) K/F is tamely ramified, 

(b) K commutes with (3, and 

(c) the K -algebra K[I3] is a subfield of A such that K[I3]^ C Xq. 
Let Ak be the A-centralizer of K, and set Gk = A^, = a fl Ak- 

(1) The pair [aK,P] is a simple stratum in Ak and 



By convention. 



(2.2.3) 



e{OF)=f{OF) = degOF = l. 



Y{I3, a)nGK = Y{l3, o^). 



where Y stands for any of J, J°, J^, H^. 
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(2) Let 6 e C(a, /3, ipp), ond set ipK — V'f ° T^k/f- The character 
(2.3.2) Ok = 0\m{p,aK) 

lies in Q{aK, P,i^K)- 

We can work in the opposite direction, starting with a finite, tamely ram- 
ified field extension K/F and a non-trivial endo-class e We choose 
a realization (p of say (p e C(b,7,V'/!r) where [6,7] is a simple stratum in 
B = EndK{V) and F is a finite-dimensional vector space. Set A = Endi?(F). 
There is then a unique hereditary OF-order a in A, stable under conjugation by 
and such that b = aHB. 

(2.3.3) 

(1) There exists a simple stratum in B such that 

(a) e(b,7',Vi^) = e(b,7,?AK) and 

(b) [a, 7'] is a simple stratum, in A. 

(2) There exists a unique simple character (p^ e C(o, 7', Vf) such that 

(3) The endo-class = cl{(p^) depends only on the endo-class ^ of <p. In 
particular, it does not depend on the choices of Y and i/jp- 

(4) The map 

iK/F : ^(K) £(F), 
I — > <5 , 

is surjective with finite fibres. When K/F is Galois, the fibres of \k/f 
are also the orbits of Gdl{K/F) in £.{K). 

(5) IfFcK'GK, then Xk/f = W/f ° ^k/k'- 

These assertions combine Theorem 7.10 and Corollary 9.13 of [3]. The rela- 
tion in (3) is actually sharper, in that the character (p determines the character 
(p^ , as in [3] 7.15. 

Let G ^{F). The elements of the finite set i]^/^© are called the K/F-lifts 
of O. The only K/F-lift of Of is 0^. One deduces from [3] (11.2) the following 
method of computing the basic invariants (2.2.2) of the lifts of an endo-class. 
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(2.3.5) Let O e £(-F) have parameter field P/F. Let K/F he a finite, tamely 
ramified field extension. Write K (S)f P = Pi x P2 x • ■ ■ x Pr, where each Pi/K 
is a field extension. There is a canonical bijection 



such that Pi/K is a parameter field for Oi. This bijection is natural with respect 
to isomorphisms K/F K' / F' of field extensions. 

In the context of (2.3.1), the field K[0\ is K-isomorphic to one, and only one, 
of the simple components Pi of K ®f F[0\- The endo-class, in £(i^), of the 
character 9k of (2.3.2) is the K/F-\iii of cl{9) corresponding to the component 



2.4. Let e e £(F). We say that is totally wild if deg6» = e(6») = p^, for 
an integer r ^ 0. Equivalently, is totally wild if any parameter field for is 
totally wildly ramified over F. 

Proposition. Let e ^{F) have a parameter field P/F, and let T/F he the 
maximal tamely ramified suh-extension of P/F. Let K/F he a finite, tamely 
ramified field extension. The following conditions are equivalent: 

(1) has a totally wild K/F-lift; 

(2) there exists an F-emhedding T ^ K. 

If P' / F is a parameter field for and T' / F is the maximal tamely ramified 
sub-extension of P'/F, then T' is F -isomorphic to T. 

Proof. All assertions follow readily from (2.3.5). □ 

We therefore define a tame parameter field for e ^{F) to be a finite tame 
extension E/F such that has a totally wild £^/F-lift, and such that E is 
minimal for this property. The proposition shows that has a tame parameter 
field, that it is uniquely determined up to F-isomorphism (unlike the general 
parameter field). 

The group Aut(T|F) acts on £(T). Using (2.3.5) again, the proposition yields: 



{Pl,P2,...,Pr} 



Pi 




Pi. 
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Corollary. Let O e &{F) have tame parameter field T/F. Let W e £(T) he a 
totally wild T/F-lift of O. The map '-y ^ is a bijection between Aut(T|F) 
and the set of totally wild T/F-lifts of O. 

2.5. Some new terminology will be convenient. Let [a,f3] be a simple stratum 
in ^ = M„ (F) ; we say that [a, is m-simple if a is maximal among o i?-orders 
in A stable under conjugation by F[/3] ^ . 

Lemma 1. Let [a, P] be a simple stratum in A. The following conditions are 
equivalent. 

(1) [a, (3] is m-simple; 

(2) the order a is principal and the ramification index e{F[(3]\F) is equal to 
the Op-period of a; 

(3) the hereditary 0F[i3\-order cif[/3] = <^^-^F[i3\ maximal. 

Proof See [17] 1.2.4. □ 

A simple character 9 is deemed m-simple if ^ e C(a, /3) where [a, is m- 
simple. If e ^{F), an m-realization of is a realization which is m-simple. 

Lemma 2. Two m-simple characters in G = GL^(F) are endo- equivalent if 
and only if they are conjugate in G. 

Proof. This is a special case of (2.2.4). □ 

Let [a, /?] be an m-simplc stratum in A and set P = F[I3\. By condition (3) 
of Lemma 1, the order ap is isomorphic to Ms(op), where s = n/[P:F]. We 
further have 

, , J(^,a) = pxj°(/3,a), 

2-5.1 

J°(Aa)/J'(/5,a)^GL,(kp). 

2.6. We need a more concrete version of the notion of tame parameter field. 

Let be a simple character in GL„(F). A tame parameter field for is a 
subfield T/F of M„(F) of the following form: there is a simple stratum [a, /3] 
in M„(F) such that 6 G S(o, /3) and T/F is the maximal tamely ramified sub- 
cxtcnsion of F[I3\/F . The proposition of 2.4 implies that a tame parameter field 
for 6 is also a tame parameter field for c/(0), and so is uniquely determined up 
to F-isomorphism. There is a more precise version of this uniqueness property. 
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Proposition. Let 9 be an m-simple character inG = GL„(F). Let Ti/F , T2/F 
be tame parameter fields for 6. 

(1) There exists j e Jq such that T2 = T( . 

(2) An element y & Jg normalizes if and only if it centralizes . 

In particular, there is a unique F -isomorphism Ti T2 implemented by conju- 
gation by an element of Jq . 

Proof. Before starting the proof, it will be useful to recall a standard technical 
result proved in the same way as, for example, [3] 15.19. 

Conjugacy Lemma. Let S be a pro p-group and let a be an automorphism of 
9, of finite order relatively prime to p. Suppose 9 admits a descending chain 
of open, normal, a-stable subgroups Si such that 9i/9i+i is a finite 
abelian p-group and [Si, Sj] C Si+j, for all In the group (a) K S, any 

element ag, g & S, is S-conjugate to one of the form ah, where h & S commutes 
with a. 

We prove the proposition. We choose a simple stratum [a, (3i] in A = M„(F) 
such that 9 G e(a, A, ) and G Pi = -F[A]. Thus Jg = J'^iPi, a), and so on. 
We abbreviate = Jq. 

Let Ki/F be the maximal unramified sub-extension of Ti/F. Consider the 
ring Z = 3(A) 1) (in the notation of [17] 3.1.8). If we write 3"^ = 5 H po, then 

= 1+5"^ and the ring j = Z/Z^ is isomorphic to Ms(lkp.), where s[Pi:F] = n. 
The centre 3 of j ^ is therefore kp. . Since op.^\Z^=pp^, reduction modulo p p. 
induces an isomorphism /up. = 3. Since Pi/Ki is totally ramified and 5"^ H o^. = 
pKii the group ^JbKi also maps isomorphically to 3 under reduction modulo ■ 
So, if Ci is a generator of /Uki, there exists C2 £ IJ-k^, such that C2 = Cij, for 
some j e J^. The roots of unity C,\, C2 have the same order, so C2 generates 

We apply the Conjugacy Lemma to 9 = (with its standard filtration) and 
the automorphism a induced by conjugation by C,i. We deduce that (,2 = CiJ is 
J-'^-conjugate to an element ^3 = Ciii? where ji e commutes with C,\. Thus 
ji — Cr^Cs has finite order dividing that of Ci, and this order is not divisible by 
p. Since is a pro-p group, we deduce that ji = l. 

Therefore, after applying a J^-conjugation to T2 (which does not affect the 
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conditions imposed on T2), we may assume that Ki = K2 = say. Let Ak be 
the centrahzer of K in M„(F), set Gk — and put = aHAx- As in (2.3.1), 
the pair [ax, A] is a simple stratum in Ak and Q{aK, l^i) = C(aK, /32)- Moreover, 
J(/3i, ax) = J{l3i, a) n Gi^ = J^, say. Also, J^A, ^k) = J^r\GK = Jk: say. 

The extensions Ti/K, T2/K are isomorphic and totally tamely ramified. Let 
tu be a prime element of Ti such that w^'^^'^'^ = vjk^ for some prime element 
Wk of K. Since we are in the m-simple case, the centre of the group Jk/J^ 
is Pj^ Jk / Jk- The groups , T2 have the same image in J(/3, aK)/J^{P, (^k), 
and we can argue exactly as before to complete the proof of (1). 

In part (2), write T = T\ and take K as before. Let j e normalize T^. 
Surely Ad j acts trivially on the group {Xk = Mt, whence j centralizes . That 
is, j ^ Jk = J^iP, (Ik)- Taking a prime element w as before, jzuj~^ = (w, for 
some ( e Hk- However, j'ujj~^ = vo (mod J^), whence C = Ij as required. □ 

The condition of m-simplicity imposed on 9 is unnecessary. However, it short- 
ens the arguments a little and is the only case we need. 

Remark. In the situation of the proposition, there may be a field extension Tq / F, 
with Tq C Jq, which is isomorphic to a tame parameter field for 9 without being 
one. See 10.1 Remark for a context in which such examples arise. 

2.7. We connect our two uses of the phrase "tame parameter field" . As a matter 
of notation, if we have an isomorphism t : F — > F' of fields, we denote by t* the 
induced bijection £(F) £(F'). 

Proposition. Let G £(F) have parameter field E/F, and let \P be a totally 
wild E/F-lift of 0. Let d = deg0 and n = rd, for an integer r ^ 1. Let l he 
an F -embedding of E in A = M.n{F). There exists an m-simple character 9 in 
G = Gljn{F), with the following properties: 

(a) cl{9) = 0; 

(b) the field lE is a tame parameter field for 9; 

(c) if 9^E is defined as in (2.3.2), then cI{9^e) = i'*^- 

These conditions determine 9 uniquely, up to conjugation by an element of the 
G-centralizer G^e of lE^ . 

Proof. Let 9 e C(a, /3) be an m-realization of 6>, and let T/F be the maximal 
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tamely ramified sub-extension of F[P]/F. The fields T, lE are F-isomorphic and 
hence G-conjugate. So, replacing 6* by a G-conjugate, we can assume T = tE. 
The endo-class cI{9t) is then a totally wild lift of 0. Let g E G normalize tE. 
We have the relation cl{9^^) — d{6tE)^- Invoking 2.4 Corollary, we may choose 
6 to achieve cI{6^e) = ^-*?^- This character $ satisfies the conditions (a)-(c). 

For the uniqueness assertion, let 9, 9' be m-simple characters in G satisfying 
conditions (a)-(c) relative to the field tE. Condition (c) says that the m-simple 
characters 9^Ej 9[^ in G,^e are endo-equivalent over tE, and so are Gt£;-conjugate 
(2.5 Lemma 2). We may as well assume, therefore, that 9ie = 9[e- Condition 
(a) implies, via 2.5 Lemma 2, that 9' = 9^, for some g E G. The element g 
conjugates tE to a tame parameter field for 9' . Replacing g by gj, for some 
j G J^/, we may assume that (tE)^ = tE (2.6 Proposition). In other words, g 
normalizes tE. Since 9' satisfies (c), 2.4 Corollary implies that g commutes with 
tE, as required. □ 

Corollary. For k = 1,2, let t^^^ he an F-embedding of E in A and let 9^^^ he 
an m-simple character in G, of endo-class O and for which t^^^E/F is a tame 
parameter field. Let denote the endo-class of 9^^l)^. The pairs (t*^^-*, 6**^^-') 
are conjugate in G if and only if 

{t^}Y'^^ = {tfy^2. 

Proof. Replacing one pair by a G-conjugate, we can assume t^^^ = t^'^^ = t say. 
By the proposition, the characters 9^^^^ give rise to the same endo-class over E 
if and only if they are Gj,s-conjugate. □ 

3. Action of tame characters 

We take a (possibly trivial) m-simple character ^ in G = GL„(F), and let 
T/F be a tame parameter field for 9. We analyze various families of irreducible 
representations of Jq which contain 9 and show that these families carry canoni- 
cal actions of the group Xi{T). We follow throughout the notational conventions 
introduced in 2.3. 

3.1. Let 9 be an m-simple character in G = GL^(F) and let Ig{9) denote the 
set of elements of G which intertwine 9. 
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Definition. A character of Jq is 6'-flat if it is trivial on Jq and is intertwined 
by every element of laid). 

For example, if x ^ Xi{F), then x ° det \jg is a ^-flat character of Jq. Let 
Xi{9) denote the group of ^-flat characters of Jq. 

Proposition. Let T/F be a tame parameter field for 6 and let dety : Gt — > 
be the determinant map. 

(1) Let (j) e Xi{T). There is a unique 6 -flat character 0"^ of J = Jq such 
that (j)"^ {x) = 0(detT x), for all x E J (1 Gt- 

(2) The map 

Xi(T)^Xi(^), 

is a surjective homomorphism of ahelian groups. Its kernel is the group 
Xo(T)s of unramified characters x of T^ satisfying x* = 1, where s = 
n/ deg cl{0). 

(3) Let T' / F be a tame parameter field for 9. For ^ G Xi(T'), define G 
Xi{9) as in (1), using T' in place of T. If j E Jq satisfies T' = T^ , 
then 

(<^y = 0-^, 0GXi(T). 



Proof. By definition, there is a simple stratum [o, (3] in A such that 9 G C(o, /?) 
and T C F[l3]. Set P = and use the standard notation of 2.3. Thus Jg ~ 

P'^UapJg (2.5.1), and nJ^ = P'^UapHU^ = U^^. Let detp ■.Gp^P'' 

denote the determinant map. 

Let X ^ Xi (P) and define a character x of Je by 

X{xj) = x(detpa;), x G P^f/op, j G Jq. 

We show that x ^ ^i(^)- Surely x is trivial on Jq. The set Ig{^) is JgGpJ^. If 
y G Gp, then y~^Jey H Je = P^ {y~^ Jjjy fl Jg). The characters X^ agree on 
P^, and we are so reduced to showing that y intertwines x\j°- This will follow 
from: 
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Lemma. Set K = UapU^, and define a character x of K by 



X{hu) = xidetph), h e Ua^, u e Ul. 



The character x is intertwined by every element y of Gp . 



Proof. Let y G Gp. We show 



(3.1.2) 



KnKy = iUa,nuy^)iulnu'J). 



The characters x, agree on each factor, so the lemma will follow. The relation 
(3.1.2) is equivalent to the additive relation 



where is the Jacobson radical of a. Techniques to deal with such identities are 
developed in the early chapters of [17], but we give an ad hoc argument of the 
same kind. We view as Endp(F), where F is a P- vector space of dimension 
s. Let L be an Op-lattice in V. We choose an Op-basis of L to identify Ap with 
Ms(P) and ap with Ms{op). Let A{P) = Endp(P) and let a(P) be the unique 
hereditary Op-order in A{P) stable under conjugation by P^. The Jacobson 
radical of a(P) is then wa{P), where w is a prime element of Op. The order 
a is Ms(a(P)), and its radical is wa = Ms{zua{P)). The desired properties 
(3.1.2), (3.1.3) depend only on the double coset UapyU^p. We may therefore 
take y diagonal, with all its eigenvalues powers of w. The relation (3.1.3) follows 
immediately. □ 

We have shown that x^ X gives a homomorphism Xi{P) — > Xi{9). Further, 
X = 1 if and only if x is trivial on det p P^Uap = {P^yUp, that is, if and only 



On the other hand, if ^ G Xi{9), then the restriction of ^ to J^nGp = P^Uap 
is intertwined by every element of Gp. This implies that ^| j^nGp factors through 
detp and so ^ lies in the image of Xi{P). The map Xi{P) — )■ Xi{0), x ^ Xi '^^ 
therefore surjective and induces an isomorphism Xi{P)/Xo{P)s — ^ -^i(^)- 

We next observe that Jg = { Je r\ Gt) J}-, and Gt H Jg C U]^^. The field 
extension P/T is totally wildly ramified, so the map i— ?> ^ o Np/p gives an 



isomorphism Xi(T) Xi{P) carrying Xo{T)s to Xo{P)s. For e Xi{T), 



(3.1.3) 



(op + Pa) n (ap + pa)^ = ap n a^ + Pa n p 



ifxeXo(P) 
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the character (0 o of Jq satisfies the defining property for and we 

have proven the first two parts of the proposition. Part (3) is an immediate 
consequence of the definitions. □ 

Remark. The identification of Xi (6) with a quotient of Xi (P) (as in the proof of 
the proposition) is convenient for calculation. It cannot be regarded as canonical, 
since P is not unambiguously defined by 9. However, the proposition shows that 
the identification of ^i(^) with Xi{T)/Xo{T)s is canonical. 

3.2. We continue with the m-simple character 9 of 3.1. Let ry be the unique 
irreducible representation of Jg which contains 9, as in [17] (5.1.1). We refer to 
rj as the 1-Heisenberg representation over 9. 

Definition. A full Heisenberg representation over 9 is a representation k of Jg 
such that 

(a) =7] and 

(b) K, is intertwined by every element of Ig{9). 

We denote by IK(^) the set of equivalence classes of full Heisenberg represen- 
tations over 9. We observe that, if k e 'K{9) and 4> ^ -^i(^): then (p(^ n also lies 
in !K{9). Thus 'K{9) comes equipped with a canonical action of Xi{9). 

Proposition. Let 9 be an m-simple character in G = GL„(F). 

(1) There exists a full Heisenberg representation over 9. 

(2) If K & J{{9) and cj) e Xi{9), then (j)® k & 'K{9) and the pairing 

Xi{9) x:K{9) -^Ji{9), 

(0, k) I > (8) K, 

endows 3^(6*) with the structure of principal homogeneous space over 
X,{9). 

Proof. The proof of part (1) requires a different family of techniques which we 
do not use elsewhere. We therefore give it separate treatment in 3.3 below. Here 
we deduce part (2). 

Wc need an intermediate step. Let [a, (3] be a simple stratum such that 
9 e C(o, /3), and set P — F[I3\. We abbreviate = Jq, and so on. Thus 
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1(3 (6') = J^GpJ^. Let ^K°(0) be the set of equivalence classes of representations 
fjL of J° satisfying = and such that Ig{ij) = laid)'- in the language of 
[17], the elements of 'K^{9) are the "^-extensions of rf\ 

Let X^{6) denote the group of characters of which are trivial on and 
are intertwined by every element oi loiO). 

Lemma. 

(1) Let X £ -^i(^)- The restriction of x to Uap = J° fl Gp factors through 
detp, and x is the restriction to of some x ^ -^i(^)- 

(2) The set 'K^{6) is a principal homogeneous space over X^{9). Distinct 
elements ofK^iO) do not intertwine in G. 

Proof. In (1), the restriction of x to Uap is intertwined by every element of 
Gp, and so must factor through detp. The second assertion follows from the 
description of elements of ^i(^) given in the proof of 3.1 Proposition. Part (2) 
is part (in) of [17] (5.2.2). □ 

Let k,k' G 'K{6). By the lemma, there exists x ^ ^i(^) such that x ® 
agrees with ti' on J^. Thus there exists a character (p of J, trivial on J^, such 
that (^x ® i"^ — i"^' ■ The character (px lies in Xi{9), so the set "KiO) comprises a 
single Xi(6')-orbit. 

Next, let K e 'K{9), x ^ Xi{6), and suppose that k = x® The lemma 
implies that x is trivial on . We view k and x<8) « as acting on the same vector 
space V, and that = rj. By hypothesis, there is an automorphism f oiV 
such that x(x)k(x) o f — f o k,{x), for a; e J. In particular, r]{y) o / = / o r]{y), 
y e J^. Thus / is a scalar, whence x = 1; as required. 

We have shown that the set 'K{9), if non-empty, is a principal homogeneous 
space over Xi{d). □ 

Using 3.1 Proposition, we can equally view IK(^) as Xi(T)-space. We use the 
notation 



(3.2.1) 



^0 K = (g) 



for ^ e Xi(T) and k e Ji{e). 
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Corollary. With respect to the action (3.2.1), the set !K(0) is a principal ho- 
mogeneous space over Xi{T)/Xo{T)s, where s = n/ deg cl{9). 

Proof. The corollary follows directly from the proposition and 3.1 Proposi- 
tion. □ 

Remark. Let r be an irreducible representation of Jq such that contains 9. 
The proof of the proposition shows that r e 0i{9) if and only if t|jo e !K^{9). 

3.3. We prove part (1) of 3.2 Proposition. Specifically, we are given an m-simple 
stratum [a, /3] in ^ = M^iF) and a simple character 9 e C(a, Let rj be the 
1-Heisenberg representation over 9. Writing G = GL^(F) and P = so that 
Gp is the G-centralizer of P^, we have /g(6') = J^GpJ^. We have to prove: 

Proposition. There exists a representation k of Jq such that k\ji = 77 and 
which is intertwined by every element ofGp. 

Proof. As recalled in 3.2, there exists a representation n of = Jq, extending r] 
and which is intertwined by every clement of Gp . This surely admits extension 
to a representation of J = P^J^. If [P:F] = n, then Gp = P^ and there is 
nothing to prove. 

To deal with the general case, we first recall from [17] and [3] one method 
of constructing the representation fj,. We abbreviate b = ap and let L be a 
b-lattice inV = F'^. If we choose a prime element w of P, then {zu^L : j e Z} 
is the Oi?-lattice chain in V defining the hereditary order a. Let s = n/[P:F]. 
We choose a decomposition 

L = Lo © Lo © ■ ■ ■ © Lo 

of L, in which Lq is an Op-lattice of rank one. We accordingly write 

V = Vo®Vo® ■■■ © Vb. 

Let M be the subgroup of G preserving this decomposition of V. In particular, 
M is a Levi component of a parabolic subgroup Q+ of G. Let Q- be the 
M-opposite of and let N± be the unipotent radical of Q±. The obvious 
projections V ^ Vq lie in a, so we get an Iwahori decomposition 



(3.3.1) 



= n iv_ • u^nM ■ n n+. 
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Moreover, C/^nM is the direct product of s groups U^^^ , where Oq is the hereditary 
OF-order in EndF(Vb) defined by the lattice chain {zu^Lq : j G Z}. The pair 
[ao,/3] is an m-simple stratum in EndF(Vo). 

The group Ua does not admit an Iwahori decomposition in general, but we 
do have 

UanQ+^UaHM ■ Uaf] iV+, 

Lemma 1. Let = Hg = H^{/3, a) and similarly for , J^. 

(1) There are Iwahori decompositions 

H^ = H^nN_ ■ H^nM ■ H^nN+, 
nM = H\p,ao) X H\p,ao) X ■■■ xH\p,ao), 

and 

j^ = j^r]N- ■ j^nM • j^nN+, 
nM ^ j\/3, ao) X j\/3, ao) X ••• x j\/3, ao). 

(2) The characters ^|//inAf_? 0\H^nN+ o-f^ trivial, while there is a unique 
character do £ C(ao,/5) such that 

0\mnM = Oo®dQ® ■■■ ®9o. 

(3) The set 

Jl = H^nN_ ■ J^n Q+ 

is a group. Let r]o be the 1-Heisenberg representation of J^{I3, Oq) over 9q. 
There is a unique representation i]^ of J^, which is trivial on fl 
and n A^+, and which restricts to r]o®r]o® • ■ ■ ®r]o on H M. This 
representation satisfies 

Indji ?7_(_ = r]. 
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Proof. This is an instance of the discussion in [3] §10, especially Example 10.9. 
□ 

Remark. The simple characters ^, ^ire endo-equivalent. 

For the next step, we take G "K^iOo) (in the notation of 3.2). The group 
H^nN- ■J^nQ+ admits a unique representation /i+ which is trivial on H^flN^ 
and J° n A^_|_, and which restricts to //q ® A*o ® • • • ® A*o on J° n M. 

Lemma 2. 

(1) The representation p,+ of J^r\N_-j'^r\Q^, induced by is irreducible, 
and satisfies p>+\ji = rj. 

(2) There is a unique representation jj, of J° extending /i+ . 

(3) The representation ji lies in !K^{$). 

Proof. Assertion (1) is straightforward. The restriction of /i+ to fl N_ • fl 
M-J^r\N+ is the representation denoted in [17] (5.1.14). It admits extension 
to a representation of J°, and any such extension lies in IK°(^) [17] (5.2.4). 
Inspection of intertwining implies that //'| jopM is of the form A*o <8) • • • <8) A*o, for 
some ii'q G !K^{9o). By 3.2 Lemma, we may choose fj,' such that ji'q = jiQ. This 
proves (2) and (3). □ 

As remarked at the beginning of the proof, there exists kq e IK(6'o) such 
that «^o| jo(/3,ao) — A*o- We use kq to define a representation «:_|_ of the group 
H'^nN- ■P^J^r]Q+, extending /x+ and agreeing with kq^- ■ -^kq on P^J^nM. 
We then induce k+ to get a representation k+ of fl N_ -P^J^D Q+ extending 

The representation /j, of Lemma 2 is stable under conjugation by and so 
admits extension to J. This extension is uniquely determined up to tensoring 
with a character of J/J° ^ P"" /Up. We may therefore choose this extension, 
call it K, to agree with k+ on n • J° n 

To complete the proof, we have to show that k is intertwined by any element 
y of /g(6') — J'^GpJ^. It will only be the coset J^yJ^ which intervenes, so we 
may assume y G Gp. Indeed, J^GpJ^ = J^{GpnM)J^, so we take y G GpHM. 

The element y intertwines i] with multiplicity one, in the following sense: there 
is a non-zero fl J^^-homomorphism (f) : rj ^ rj^ and (p is uniquely determined. 
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up to scalar multiple [17] (5.1.8). The element y also intertwines by definition, 
and it therefore does so with multiplicity one. That is, provides a J° fl J°^- 
homomorphism n ^ jj^ . Surely y intertwines hence also k+. That implies 
to be a homomorphism relative to the group (J^ fl Ar_ • J° n (5+) n {J^ fl 
• J° n Q-{-Y ■ So, (/) is a homomorphism relative to the group generated by 

j° n u ((J^ n 7V_ • n g+) n (J^ n iv_ • n g+)2'). 

This surely contains ( J° fl J^^)P^ = J fl . We have shown that y intertwines 
K, as required. □ 

The proof of the proposition yields rather more. First, it produces a map 
(3.3.2) 

using the same notation as in the proof. If T/F is the maximal tamely ramified 
sub-extension of P/P, then 3^(^o) is a principal homogeneous space over Xi{T) 
and 'K{9) is a principal homogeneous space over Xi{T)/Xo{T)s. A simple check 
yields: 

Corollary 1. Let T/F be the maximal tamely ramified sub-extension of P/F. 
The map (3.3.2) satisfies 

fs{4> «o) = <^ fs{Ko), Ko e ^{9o), <t> e Xi{T). 

It is surjective, and its fibres are the orbits of Xq{T)s in !K{0o). 

The intertwining analysis in the proof further implies: 

Corollary 2. Distinct elements of'K{9) do not intertwine in G. 

3.4. We recall some fundamental results from [17], re-arranged to suit our 
present purposes. Let J be an open, compact modulo centre, subgroup of G 
and A an irreducible smooth representation of J. 

Definition. The pair (J, A) is an extended maximal simple type in G if there 
is an m-simple character 9 in G such that 

(1) J = J9, 

(2) the pair (J^, A\jo) is a maximal simple type in G, and 

(3) A\ui is a multiple of 9. 
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For the phrase "maximal simple type", see 5.5.10 and 6.2 of [17] or 3.6 below. 

Remark. Let 9 be an m-simple character in GL^ (F) . An irreducible representa- 
tion T of Je containing 6 is an extended maximal simple type over $ if and only 
if loir) = J0. 

If 9 is an m-simple character in G, we denote by 7{9) the set of equivalence 
classes of extended maximal simple types { Jg, A) with A\jji a multiple of 9. We 
recall [17] (6.1.2) that distinct elements of 7{9) do not intertwine in G. 

Let P/F be a parameter field for 9 and T/F the tame parameter field it 
contains. Let A e 7{9). If e Xi{T) we define 0"^ e Xi{9) as in 3.1, and form 
the representation 

(3.4.1) 00 71 = 0-^0 A 

Proposition. Let 9 be an m-simple character in G = GL^(F), and let T/F he 

a tame parameter field for 9. 

(1) If (f) & Xi{T) and A e 7{9), the representation (f) Q A of (3.4.1) lies in 
7(9). The canonical pairing 

X^{T)x7{9)^7{9), 

(3.4.2) 

defines a structure of Xi{T) -space on the set 7{9). 

(2) Suppose that deg cl (9) = n. The sets '}i{9), 7{9) are then identical and 
the action (3.4.2) endows 7{9) with the structure of principal homoge- 
neous space over Xi (T) . 

Proof. The character 0*^ in (3.4.1) is trivial on while its restriction to GpHJe 
is of the form x ° detp, for some x ^ Xi{P) (as in the proof of 3.1 Proposition). 
Part (1) then follows from the definition of maximal simple type and 3.2 Remark. 
In part (2), the first assertion follows from the definition of maximal simple type 
and the second is a case of 3.2 Corollary. □ 

3.5. Consider the case where the m-simple character 9 is trivial. That is, 9 is 
the trivial character of U^, where m is a maximal Oi?-order in A — M„(F). By 
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definition [17] (5.5.10), the set 7(9) consists of equivalence classes of represen- 
tations A of Je = F^Um, trivial on U^, such that A\u^ is the inflation of an 
irreducible cuspidal representation of Um/U^ = GLnikp). 

The set 7{9) carries a natural action of the group Xi{F), denoted (%, A) i— )■ 
xA, where '■ ^ ^ x(det x)yl(x), x G Jg. Since 9 has parameter field F, this 
action is the same as that given by (3.4.2). 

Any two choices of 9 (that is, of m) are G-conjugate. Conjugation by an 
element g of G induces an Xi (F)-bijection 7{9) 7{9^), so the Xi(F)-set 
7{9) essentially depends only on the dimension n. We shall therefore write 
7{9) = 7n{0F) in this case. 

To describe the elements of 7n{0F) concretely, it is therefore enough to treat 
the standard example m = Mniop)- We take an unramified field extension E/F 
of degree n, and set A = Gal{E/F). The group A acts on Xi{E). We denote 
by Xi(E)^-'^^s the set of Z\-regular elements of Xi{E) and by Xi{E)^ the set 
of Z\-fixed points. We identify E with a subfield of A, via some F-embedding, 
such that E^ d Jq = F^Um- Any two such embeddings are conjugate under 
Um, so the choice will be irrelevant. 

Proposition. Let (I) e Xi{E)^-'''s . 

(1) There exists a unique representation G 7n{0F) such that 

(3.5.1) tr A^«) = {-ir-'<P{z) J2 <^'(C), 

for z & F^ and every A-regular element ( of He- 

(2) The representation depends, up to equivalence, only on the A-orbit 
of (j) and the map (f) ^ X^j) induces a canonical bijection 

(3.5.2) Zy\Xi(£;)^-g 7n{0F). 

(3) If X ^ write xe = X °'^e/f ^ Xi{E). The map x ^ Xe is an 
isomorphism Xi{F)/Xo{F)n XiiE)"^ and, if e XiiE)^-^""^, then 



(3.5.3) 



\b0 = xA^, xeXi(F). 
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Proof. Parts (1) and (2) re-state, for example, [10] 2.2 Proposition. Part (3) is 
elementary. □ 

For a more detailed examination of this classical construction and further 
references, see [13] §2. 

3.6. We return to a non-trivial m-simple character 9 in G = GL^(F) with pa- 
rameter field P/F of degree n/ s = dcg cl{6). We let T /F be the tame parameter 
field inside P. Wc rc-interpret the definition of extended maximal simple type 
by defining a pairing 



To do this, we take A e Ts(Ot). Let P^/P be unramified of degree s and choose 
a P-embedding of Pg in A such that P^ C Je- Let Tg/F be the maximal 
tamely ramified sub-extension of Ps/F. Thus Tg/T is unramified of degree s, 
and we may identify A = Gal(Ps/P) with Gal(Ts/T). There is then a character 
i e Xi(T)^-=^^g such that A ^ A^. 

We next set = C ° ^Ps/t^ ^ Xi{Ps)^'^^^. We so obtain a representation 
A^p e Ts(Op). Since ap = Ms(op), we may think of A^p as a representation of 



P^t/cip trivial on Ul . As Jq = P^'U^^J] and P^t/ap n J} = , we may 



extend A^p to a representation of Je trivial on Jj. We denote this representation 



We may specify the representation A^ without reference to the parameter 
field P/F as follows. We observe that P^Jq is the inverse image, in Jg, of the 
centre of the group Jg/ Jg. 

Lemma. Let Tg/T he unramified of degree s, such that C Jg. Let A = 
Gal (Tg/T). The representation has the following properties: 

(a) A^ is trivial on ; 

(b) the restriction of to P^Jq is a multiple of the character (CItx)"^ £ 



(3.6.1) 






trA/(c) = (-ir-^5^e'(c^''), 



SeA 



where p'' = [P:T] = deg cl{e)/[T:F]. 
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We now form the representation 
(3.6.2) K K = ® K 

of Jq. Re-assembling all the definitions and recalling 3.2 Proposition, we find: 

Proposition. Let n e 'K{9), A e Ts(Ot)- The representation A K k of Jq lies 
in 7{d). 

(1) If(i)eXi{T),Ke :K{e) and A e T,(Ot) then 

(2) For any k G 3^(6*), i/ie map 

T,(Ot) ^T(0), 
A I — )■ A K 

is a bijection. 

Proof. The first assertion, and the surjectivity of the map in part (2), are the 
definition of maximal simple type. Part (1) is also immediate from the defini- 
tions, while part (2) follows from part (1) and 3.2 Proposition. □ 

Remark. Observe the similarity between part (2) of the proposition and 1.6 
Lemma. 



4. Cuspidal representations 

Let 9 be an m-simple character in G = GL^(F), with tame parameter field 
T/F. In §3, we described a canonical action of Xi{T) on the set 7(9) of equiv- 
alence classes of extended maximal simple types in G defined by 9. We wish to 
translate this into a structure on the set of equivalence classes of irreducible cus- 
pidal representations of G which contain 9. To do this, we must work with the 
endo-class & = cl{9) and a tame parameter field E/F for O, taking appropriate 
care with identifications. 
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4.1. If n ^ 1 is an integer, let >A^(F) denote the set of equivalence classes of 
irreducible cuspidal representations of GL„(F). We summarize the basic results, 
from 6.2 and 8.4 of [17], concerning the classification of the elements of A'^{F) 
via simple types. 

A representation tt G A^{F) contains an m-simple character 9 inG = GL„(F) 
and, up to G-conjugacy, only one. The endo-class cl{9) therefore depends only 
on the equivalence class of n. We accordingly write 

(4.1.1) i?(7r) = cl{e). 

If © e ^{F) and if m ^ 1 is an integer, we put n — mdegO and define 

(4.1.2) Al{F; 0) = {tt e <(F) : ^(tt) = O}. 

If we choose an m- realization ^ of in G = GL„(F), a representation tt G A'^{F) 
lies in A^{F; 0) if and only if tt contains 9 {cf. 2.5 Lemma 2). If yl e 7{9), the 
representation tta = c-Indj^ A is irreducible, cuspidal and contains 9: that is, 
TTA e A^{F;0). The map 

7{9)^Al{F;0), 

(4.1.3) ^ 

A I — > c-Indj^yl, 

is a bijection. 

Remark. Let tt G A^{F) contain a simple character One may show that <f 
is m-simple and cl{(p) — '^{tt). We have no use here for this fact, so we give no 
proof. 

4.2. Let O G ^{F) have degree d, let E/F he a tame parameter field for O, and 
let be a totally wild E/F-lift of 0. 

Let m ^ 1 be an integer, and set n = md. We take a pair (0, t) consisting of 
an m- realization 9 of O in G = GL„(F) and an F-embedding t of i? in M„(F) 
such that lE/F is a tame parameter field for 9 satisfying = cI{9^e)- Such 
a pair (^, l) exists and is uniquely determined, up to conjugation in G by an 
element commuting with lE (2.7 Proposition). We first use t to translate the 
natural action (3.4.2) of Xi{tE) on T(^) into an action of Xi{E). The induction 
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relation (4.1.3) then turns this into an action of Xi{E) on O). In all, we 

get a canonical pairing 



satisfying {(fxj)') Qq, tt = (j) Qi^, {(f)' Qi^, n). This action of Xi{E) does depend on 
^, but on no other choices. 

In the case E = F, we have O — W and the 0ij/-action of Xi{F) on A^{F; 0) 
is the standard one (0, tt) i-)- ^tt, where (fm : x ^ (f){det x) tt{x). 

Another special case is worthy of note. As a direct consequence of 3.4 Propo- 
sition, we have: 

Proposition. The action Qq, endows Ai{F;0) with the structure of principal 
homogeneous space over Xi{E). 

Remark. In the general situation, let ^' be some other totally wild £'/F-lift of 
O. Thus there exists 7 e Aut(£;|F) such that ^' = (2.4 CoroUary). We then 
get the relation 



Indeed, this relation holds for any F-isomorphism 7 : £^ — )■ E'^ . (Observe the 
apparent parallel with the discussion in 1.5, especially (1.5.3).) 



In §1, we saw that the irreducible representations of the Weil group 
can be constructed in a uniform manner, using only very particular induction 
processes (as in 1.6 Proposition). In this section, we define analogous "algebraic 
induction maps" on the other side. 

5.1. To start, we recall something of the Glauberman correspondence [20], as 
developed in Appendix 1 to [4] . In this sub-section, we use a system of notation 
distinct from that of the rest of the paper. 

Let G be a finite group, and let Irr G denote the set of equivalence classes of 
irreducible representations of G. Let A be a finite soluble group and A Aut G 



(4.2.1) 



X,{E)xAl{F;0) 




(4.2.2) 



(f)f TT = 0!J. TT, e Xi(E), TT G /l^(F; 6»). 



5. Algebraic induction maps 
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a homomorphism with image of order relatively prime to that of G. Let G"^ 
denote the group of ^-fixed points in G. The group A acts on the set Irr G, so 
let Irr^ G denote the set of fixed points. The Glauberman correspondence is a 
canonical bijection 

: Irr^G ^IrrG^, 

depending only on the image of A in Aut G, which is transitive in the following 
sense. Let i? be a normal subgroup of A. Thus A/B acts on G^ , and similarly 
on representations. We then have 

To describe the correspondence g^, it is therefore enough to consider the case 
where A is cyclic. 

(5.1.2) Suppose A is cyclic, of order relatively prime to \G\. Let Irr^G. 

(1) There is a unique representation p of A \K G such that p\g — p and 
det p\a = 1 • 

(2) There is a unique p^ e IrrG"^ such that 

(5.1.3) trp^(/i) = etrp(a/i), 

for all h E G^, any generator a of A, and a constant e. 

(3) The constant e has the value ±1. 

In this context, the representation p^ is g^lp)- 

The constant e depends on both p and the image of A in Aut G: different 
cyclic operator groups on G may have the same fixed points and give the same 
character correspondence, but for different constants e. An instance of this 
occurs in 5.4 below. 



5.2. We return to our standard situation and notation. 

A complementary subgroup of is a closed subgroup C of such that 
the product map C x Up — )■ is bijective. A complementary subgroup C is 
necessarily of the form C = Cf{'(^f) = {'^F, I^f)-, for some prime element wp 
of F. If tof, '^'f are prime elements of F, then Cf{^'f) = Cf{'^f) if and only 
if w'p = awF, for some a e Hf- 
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Lemma. Let E/F he a finite, tamely ramified field extension, and let vop be a 
prime element of F. 

(1) There exists a unique complementary subgroup Ce{^f) of E such that 

(2) Let F C L C E . The group Ce{'^f)^L^ is the complementary subgroup 
Cl{j^f) of L^ containing wp- 

Proof. Let w he a prime element of E, and set e = e{E\F). Thus = (zjpu, 
for some ( G fJ,E and u E U^. Since p does not divide e, there exists a unique 
element v of U}^ such that v*^ = u. Replacing w by v~^w, we may assume 
zj'^ e fiE^F- The group {w, /j,e) is a complementary subgroup of -E^ containing 
wp- It is clearly the unique such subgroup with this property. Assertion (2) is 
now immediate. □ 

5.3. We define a family of "algebraic induction maps". The construction pro- 
ceeds in two steps, refiecting the discussion in 5.1. For the first, we work in the 
following special situation. 

Notation. 

(1) 9 is a simple character in G = GL^(F), 

(2) 9 e G{a,(3), for a simple stratum [a, 13] in A = Mn{F) such that P = 
F[l3]/F is totally ramified of degree n; 

(3) E/F is the maximal tamely ramified sub-extension of P/F; 

(4) [E:F] = e and [P:E] = 

The simple character 9 is necessarily m-simple. Consequently, the set 7{9) = 
!K{9) is a principal homogeneous space over Xi{E) (3.4 Proposition). 

Let r] be the 1-Heisenberg representation of = J^{/3, a) over 9. The nat- 
ural conjugation action of E^ on induces an action of the group Me/f = 
E^ /F^U^ on the finite p-group J^/Ker^. The group Me/f is cyclic, of order 
e = [E:F] (which is relatively prime to p). The group of M£;/^-fixed points in 
JVKer^ is jyKer^E (cf 4.1 Lemma 1 of [4]). 

Taking complementary subgroups Cf{'^f) C Ce{^f) as in 5.2, the canonical 
msip Ce{^f) M^;/^? induces an isomorphism Cs(ci7i?)/Ci?(tUi?) = Me/f- We 
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may therefore switch, as convenient, between Ce{j:^f) and Me/f as operator 
groups. 

As in 2.3, Ge denotes the G-centraUzer of . Using the standard notation 
of that paragraph, let tje denote the 1-Heisenberg representation of J]^ = r\ 
Ge = cie) over 9e = ^l/f^- For the next result, we initially view 77 as a 

representation of the finite p-group J^/Ker9, and similarly for tje- 

Lemma. 

(1) There exists a unique representation fj of Me/f ^ J^/Ker9 extending rj 
and such that det fj\ME/F ~ 1- 

(2) There is a constant e = e^/j? = ±l such that 

(5.3.1) trfj{zj) = etrr]E{j), 

for every j G and every generator z of the cyclic group Me / f ■ 

(3) The sign e depends only on the simple stratum [a, (3] (or on 9 ), and not 
on the choice of tame parameter field E/F. 

Proof. The first assertion is elementary (c/. (5.1.2)). In (2), the Glauberman 
correspondence gives a unique irreducible representation ^ of J\/'Kev9E such 
that trC(i) = eirfi{zj), for z and j as above. We infiate rj, C, to representations 
of Ce{'^f) x J^-i Je respectively. Replacing j by j/i, h e i^l;, we find that 
irC,{jh) — 9 E{h) ii CU) ■ Thus C contains 9e, whence ( = r]E, as required. 

The sign e = eE/F can be computed using [2] 8.6.1. We form the finite, 
elementary abelian p-group V — Vg = J^/H^. This carries a nondegenerate 
alternating form over Fp, as in [17] 5.1. The conjugation action of E^ on 
induces an action of Me/f on V, and V provides a symplectic representation of 
Me/f over ¥p. In the notation of [13] §3, eE/F is given by 

(5.3.2) eE/F^tM^/AV)- 

That is, se/f is an invariant of the M^/^-module V {cf. [13] 3.3), and V is de- 
termined directly from [a, /3] (or from 9). Any two choices of E are J^-conjugate 
(2.6 Proposition), and such a conjugation has no effect on the module structure 
of F. □ 
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Proposition. Define e = eE/F — by (5.3.1). Let A e 7{9). There exists a 
unique Ae & 7{9e) such that 

(5.3.3) tr yl^(x) = e£;/F tr yl(a;), 

for all X e Je such that VE{detE x) = vpidetx) is relatively prime to [E:F]. 
The map 

^ ^ m We), 

(5.3.4) 

A I — > Ae, 

is a bijection, and an isomorphism of Xi{E)-spaces. 

Proof. If A & '^{9), a representation Ae of Je satisfying (5.3.3) must lie in 
7(9 e), and is uniquely determined by A. Moreover, if we have such a pair and 
if G Xi{E), then (in the notation of 3.2) 

ti (I) QAe{x) = es/Ftr00^(a;), 

for all X as before. In this situation, each of the sets 7(9), 7{9e) is a principal 
homogeneous space over Xi{E). The result will follow, therefore, if we produce 
one representation A e 7(9) for which there exists Ae satisfying (5.3.3). 

To do this, we choose a prime element wf of F and let Ce = Ce{'cof) be 
the unique complementary subgroup of E^ containing wf- Let pJ = pJ{zuF) 
denote the inverse image in J of the unique Sylow pio-p subgroup of the profinite 
group J/ {vjf)- Thus J = Ce ■ pJ- Also, pJE = pJ H Ge is the inverse image 
in Je of the Sylow pio-p subgroup of Je/ {'^f)- 

We choose A G 7{9) such that A{zaE) = 1 and detyl is trivial on Ce- Since 
dim yl is a power of p and /x^? is central, these conditions imply that A is trivial 
on fiF, hence also on Cf = C^nF^. We may therefore view A as the inflation of 
a representation of Ce/Cf x pJ/{'ojf)- The Glauberman correspondence gives 
a representation Ae of pJe/ {^f) such that 

tv Ae{x) = etr A{cx), x&pJe/{'^f), 

for any generator c of the cyclic group Ce/Cf- Moreover, Ae\j^, = r]E- We 
extend Ae-, by triviality, to a representation of Ce/Cf x pJe/{'^f) and then 
inflate it to a representation Ae of Ce ■ pJs = Je- This representation satisfles 
(5.3.3). □ 



We interpret the proposition in terms of cuspidal representations of linear 
groups, following the discussion in §4. 
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Corollary 1. LetO = cl{6), Oe — cI{9e)- The map (5.3.4) induces a canonical 
bijection 

(5.3.5) 

TT I > TTe, 

such that 

(5.3.6) {(f) QQe = (t>TTE, 

for (f) e Xi{E) and tt e ^?(F; 6»). 

Proof. We start from the endo-classes 0e & ^i^J) and O G ^{F). Thus 0e is 
totaUy wild, O = Ie/f^e {cf- (2.3.4)), and E/F is a tame parameter field for 
6>. 

We identify E with a subfield of M„(F). Following 2.7 Proposition, we choose 
a realization ^ of in G = GL„(F) such that E/F is a tame parameter field 
for and cI{9e) = Oe- Thus $ is uniquely determined up to conjugation by an 
element of Ge- 

By definition, tt contains a representation (Jg, A) G 7(9), giving c-Indj^ A = 
TT. Using the map (5.3.4), we form the representation Ae G 7{9e) and set 
7Te = c-Indj^^ Ae- The (j'£;-conjugacy class of yl^; is then independent of the 
choice of ^, so tt h-)- -ke gives a canonical map Ai{F]0) — ?> Ai{E;Oe)- The 
bijectivity of this map and property (5.3.6) then follow from the proposition. □ 

We let 

(5.3.7) indE/F ■-A'i(E;OE)^Al (F; 6») 

denote the inverse of the map (5.3.5). Thus indE/p is a bijection satisfying 

(5.3.8) mdE/F(pP = (pQ0E^ndE/FP, p e A1{E;Oe), (p e Xi{E). 
It also has an important naturality property. 

Corollary 2. If ^ : E ^ E'' is an isomorphism of local fields, then 

indEi/F-yP^ = {'ii^dE / F p)"^ i 
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for allpe AI{E;Oe). 

Proof. To construct the representation indE/pP more directly, we first choose 
an F-embedding of E in M„(F). We then choose a reahzation of 0^ in Ge, 
and form the simple character (p^ in G, as in (2.3.3). Let A e 7{(p) occur 
in p. There is a unique e '^{f^) such that (A''^)^ = A. The representa- 
tion indE/F P is then equivalent to c-Ind A^. Changing the embedding of E in 
M.n{F) or the realization only replaces A^ by a G-conjugate. It follows that 
[indEi/F-y P'^)'^ — indE/F P^ ^ required. □ 

5.4. For the second step in the construction, we pass to the general situation. 
The notation that follows will be standard for the rest of the section. 

Notation. 

(1) [a, /5] is an m-simple stratum in A — M„(F) and 9 e C(o, /3, V'f)/ 

(2) Po = F[P] and m = n/[Po:F]; 

(3) Eq/F is the maximal tamely ramified sub-extension of Pq/F and Kq/F 
is its m,aximal unramified suh- extension; 

(4) no = [Eo-.F], e = e{Eo\F) and = [Pq-.Eo]; 

(5) P/Pq is unramified of degree m and P^ C a) = Jg; 

(6) K/F is the maximal unramified sub-extension of P/F and E — EqK/F 
its maximal tamely ramified sub- extension; 

(7) r = Gal (K/F) and A = Gal(P/Po) = Gal(F/Fo) ^ Gal(i^/i^o)- 

As usual, we put G = GLn{F). Any two extensions P/Pq, satisfying the 
conditions (5), are Jg-conjugate: as we will see (Comments, 5.7), this means 
that the choice of P/Pq is irrelevant. We use the notational scheme of 2.3. In 
particular, Gk is the G-centralizer of i^T^ and 9k £ G{ciK, P, iI^k)- The extension 
E/K is thus a tame parameter field for 9k- 

Our immediate aim is to define a canonical Xi(Fo)-bijection 

£k/f ■■ ^{0) ^{9k)''. 

This will be achieved in 5.6 Proposition. 

We apply the Glauberman correspondence to the action of hk on = 
JH/3,a). 
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Lemma. Let fj be the representation of Hk x J such that fj\ji = 77 and 
detr)!^^ = 1. There is a constant = ±1 and a character e^^ : fxx {il} 
such that 

(5.4.1) tvijKix) = el^elJO^^viCx), 

for X & Jj^ and any F -regular element ( of hk- The quantities e^^ depend only 
on 9 (or on the simple stratum [a, (5]). 

Proof. Just as in 5.3 Lemma, there is a constant e^nx) = ±1 such that 

irr]K{x) = e{iJ,K) trfi{C,x), 

for X G J]^ and any generator ( of fiK- More generally, let ( e Hk be r'- regular. 
The set of ^-fixed points in is then and 

trr]K{x) = e((C)) tvf]{Cx), x e J^, 

where e{{0) = ±1 depends on the subgroup of hk generated by (. According 
to [2] 8.6.1 (but using the notation of [13] §3), we have e((C)) = where 
V = J^/H^. However, [13] Proposition 3.6 gives 

<{()) = el^iO, 

where 

(5.4.2) ei^,=iW^y). i = 0,l. 

In particular, these quantities depend only on the simple stratum [0, ^\ . □ 

Remark. The character e^^ is, by its definition in terms of the conjugation 
action of fi^ on V, trivial on fip. Moreover, the definition of tj^^{V) in [13] 3.4 
Definition 3 shows that e],^^ is trivial when p — 2. 

5.5. We choose a prime element wp of F. As in 5.2 Lemma, let Ceo{'^f) (resp. 
C'eI^f)) be the unique complementary subgroup of Eq (resp. E^) containing 

We consider the group Pq J^, described more intrinsically as the inverse image 
in J of the centre of the group J/J^. The group Pq / {zup) is profinite, and 
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has a unique Sylow pro-p subgroup. We denote by pJ the inverse image of 
this subgroup in J. The definition of pJ depends on the choice of wp-' we 
accordingly use the notation pJ = pj^wp) when it is necessary to emphasize 
this fact. The quotient pJiwp)/ is cychc, generated by an element -ujq of Pq 
such that Wq = wf (mod Up^). 

Using the quotient J]^/ {wp), we may similarly define a subgroup pJx = 
pJk{^f) of Jk- This satisfies pJx = pJ H Jk- 

We will need to apply the Conjugacy Lemma of 2.6 in this new context. We 
must therefore verify: 

Lemma. The pro-p group pJ / {wp) admits a P^ -stable filtration satisfying the 
conditions of (2.6). 

Proof. We have to refine the standard filtration of the group . A generator, oj 
say, oi pJ / acts on each step / J^^^ of the standard filtration as a unipotent 
automorphism commuting with the natural action of P^. We therefore insert 
into the standard filtration the extra steps Ker {uj—lY\jk /jfc+i. □ 

5.6. We start by noting a consequence of 3.2 Proposition. 

Lemma 1. Let ki., K2 & 'K{9) . If Ki\pxji = K2\pxji, then ki = K2- 

We apply the Glauberman correspondence to representations of pJ. We first 
identify a family of special elements of IK(^). 

Lemma 2. Let wp he a prime element of F. There exists e !K{9) such that 

(1) Wp e KerK° and 

(2) Cpitup) C Ker detK°. 

These conditions determine k° uniquely, up to tensoring with a character cj) e 
Xi{9), trivial on J° and such that (j)^'' = 1. Moreover, fjtp C Ker kP. 

Proof. The existence of k° follows from 3.2 Proposition, and its uniqueness 
property from Lemma 1. The group /j,p is central in G. It has order relatively 
prime to p, while dim kP is a power of p. The final assertion thus follows from 
condition (2). □ 
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Lemma 3. Let G !K{9) satisfy the conditions of Lemma 2 relative to the 
element zop- There exists a unique G 'K{9k) such that 

(1) Wf G Ker k^, 

(2) Ce{'^f) C Ker det^^, and 

(3) if h & pJk{^f), then 

(5.6.1) tvKUh)^el^el^{OtvK'{Ch), 
for every F -regular element ( of /j,k- 

Proof. The Glauberman correspondence, together with (5.4.1), yields a unique 
representation K^j^ of pJx satisfying the desired relation (5.6.1) and condition 
(1). This representation admits extension to a representation of Jk = P^Jk, 
and the extension may be chosen to satisfy condition (2). In this case, any 
representation of Jk extending r]K lies in "KiOK) — 7 {9k)-, so the uniqueness 
follows from Lemma 1. □ 

Remark. As in Lemma 2, condition (2) of Lemma 3 implies ^jlk C Kerre^c- In 

(5.6.1) therefore, we have ir K^j^{C,h) = tr Kpj^{h). 

The set ^{9k) carries an action of Xi{E), making it a principal homogeneous 
space over Xi{E), as in 3.2 Corollary. Consequently, it carries an action of 
Xi{Eo) via the canonical map Xi{Eo) Xi{E) given hj x ^ Xe = X ° 
^E/Eo- If view A as Gal{E / Eq) , this canonical map induces an isomorphism 
Xi(^o)/^o(^o)m with the group Xi{E)^ of Z\-fixed points in Xi{E). 

We consider the group A = Gal(P/Po)- For each 6 E A, there exists js G G 
such that jg^xjs = x^, x G . The same relation holds for a; G or 
E^ . The definition of P shows we may choose js G Uap C Jq. We use these 
elements jg to extend the canonical action of A on K to one on Gk, in the 
standard manner. Since js G J°, it conjugates 6 to itself and therefore normalizes 
Jk = Jer\ Gk- Moreover, conjugation by js fixes 9k and so A acts on the set 
^{9k) via = K^^. If G Xi{E), we also have 

(5.6.2) {(P Q ^ (j)^ Q , (j)eXi{E), Xe:K{9K), 
where A, viewed as Gal(£^/£^o)) acts on Xi{E) in the natural way. 
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Lemma 4. 

(1) The representation of Lemma 3 lies in 'K{9k)'^ , and 

(2) 'K{6k)'^ is a principal homogeneous space over Xi{Eq) / Xq^Eq)^. 

Proof. Since js e ,7°, the function trK° is invariant under conjugation by js- 
Assertion (1) now follows from the definition of k^stj (2) from (5.6.2). □ 

Proposition. Let k° G 'K{d) satisfy the conditions of Lemma 2, and define 
e Ji{dK) OS in Lemma 3. 

(1) There is a unique Xi{EQ)-map 

(5.6.3) Ik/f ■ ^{0) :K(^k) 
such that 

(5.6.4) ^k/f(«°) = <■ 

(2) The map (-k/f is injective, and its image is the set 'K{6k)'^ of A-fixed 
points in 'K{9k) ■ 

(3) The definition of £k/f is independent of the choices of zup and the rep- 
resentation satisfying the conditions of Lemma 2, relative to wp- 

Proof Parts (1) and (2) follow from the fact that :K{e) and :K(6'k)^ are both 
principal homogeneous spaces over Xi(£'o)/Xo(-E'o)m- 

We prove part (3). We work at first relative to fixed choices of wp and k^. 
Taking k G 3^(6*), we write k, = (/) & k^, for (f> e Xi{Eo) uniquely determined 
modulo Xo{Eo)m {cf. 3.2 Corollary). We define 

^K/f(«) = £k/f{(P & H^) = n^K- 

This is the unique Xo{Eo)-m.ap J{{6) ^{9k) with the property (5.6.4). It is 
clearly injective with image IK(^k)^. 

We have to check that this definition oil^/F is independent of choices. First, 
if we keep wf fixed, the definition is independent of the choice of as follows 
from the uniqueness statement in Lemma 2. 

Next, let us replace wp by uwp, for some u G Up. The group pJ{zuF) is 
then unchanged, but C^; is replaced by = {vzueo, IJ'k), where v & Up satisfies 
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v'^ = u. There is a character (f) e Xo{Eo), of p-power order modulo Xo{Eo)m, 
such that (t)QK^ satisfies the conditions of Lemma 2 relative to w'p. The element 
of 'K{9k) corresponding to (/> k° via Lemma 3 is (pE k^k — ^k/f{'P © «^°), as 
required. 

Suppose now that is replaced by awp, for some a G ^p- The group 
Ce is then unchanged. If the infinite cyclic group pJ{wF)/ is generated by 
Too, then pJ{awF)/ is generated by ctiWo, where ai G ^ip satisfies a\ = a. 
However, we have remarked that fip G Ker^*^. In particular, a G Ker and 
the same representation therefore satisfies the conditions of Lemma 2 relative 
to azup. Let h G pJxiix^F)', there exists £ G /zf such that eh G pJk{^f)- The 
relation (5.6.1) reads 

(C) tr K'iCh) = 6° ^ (Ce) tr K^Ceh) 

= tr {(eh) =trK%ih)= tr (C/i) , 

since is trivial on hk and e^^ are both trivial on he- In other words, 
the representation k,% is also unchanged and the result follows. □ 

5.7. We consider the set J{(^k)^"'®^ of A-regular elements of ?{(^k) = T(^k)- 

Lemma 1. A representation A G ^{0k) is A-regular if and only if it is equiv- 
alent to ^ Q ix/Fii^)} for some k G Df(^) and a A-regular element ^ of Xi{E). 

Proof. This follows from 5.6 Proposition and (5.6.2). □ 

Let Xi{E)'^''^^^ denote the set of /^-regular elements of Xi{E). A character 
^ G Xi(i?)^''"®s determines a representation of J / as in 3.6. In the notation 
of 3.6, we may form the representation A^0k = x k G T(6'), for any k G 3-C(6'). 

Lemma 2. For any k G ^{0), the map ^ i-> A^ ix k induces an Xi{Eo)- 
isomorphism A\Xi{E)^-'''s ^ j(^). 

Proof. This follows from Lemma 1 and 3.6 Proposition (2). □ 

We define a map indx/F ■ 7(9 k)'^-'''^ 7(d) as follows. Choose k G :K(d) 
and let A G 7(6 k)^'^^^- Using Lemma 1, we may write A = ^ Q iK/F(i^)i for 
some ^ G Xi(E)^-'^s. We set 

(5.7.1) indx/F = ^ 
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The definition is independent of the choice of k e 'K{6) {cf. 3.6 Proposition (1)). 
We so obtain a canonical bijection 

(5.7.2) indx/F ■■ A\7{eK)^-'''^ 7{d). 
By construction, it satisfies 

(5.7.3) indK/F ^) = </> ind^/FA 
for all A e T(^k)^"'*'^ and (j) E Xi(Eo). 

Comments. All of the preceding constructions are in terms of a field P/Pq, 
chosen as in 5.4 Notation (5). The field K/F is then defined as the maximal 
unramified sub-extension of P/F. As remarked at the time, any two choices of 
P, hence of K, are J^-conjugate. Indeed, they are conjugate by an element of Jq 
commuting with Pq. All of the constructions arc invariant imdcr such conjuga- 
tions: if j E Jq n Gp^^, then conjugation by j gives a bijection J{(6'k) ^{(^Ki) 
preserving the actions of Xi{Eo). Also, conjugation by j fixes the representa- 
tions and k. Thus indxi/pA^ — indx/FA, and so the constructions are 
independent of the choices of P and K. 

5.8. Following 4.2, we translate this machinery to the context of cuspidal rep- 
resentations of the groups G and Gk- To do this, we must first "externalize" 
our notation. From this point of view, the hypotheses listed in 5.4 give us: 

Data. 

(1) a finite unramified field extension K/F, 

(2) an endo-class Ok £ £(-^) with totally ramified parameter field E /K, 

(3) a group A of F- automorphisms of E, of order m and such that E/E^ 
is unramified and 

(4) a totally wild E/K-lift Oe of Ok 

such that 

(5) £^0 = E^/F is a tame parameter field for O. 

In particular, Opa = '^e/Eq^e is a totally wild Eo/F-Mt of O and Op is 
the unique E/Eo-Mt of Oe„- Thus is fixed by A. We identify A with 
Gal(i^/i^ n Eq) by restriction, and A then fixes Ok- 
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Set n = mdegO and uk = n/[K:F]. Let Gk — GL^^(K). We choose an m- 
realization Ok of Ok in Gk- If T/K is a tame parameter field for Ok, we choose 
a K-isomorphism l : E ^ T such that = cI{Ok)- This configuration 

is determined up to conjugation by an element of the (j^-centralizer G^e of 
lE'' (as in 2.7). As in (4.1.3), we have the bijection 7{0k) ^ A^{K;Ok) 
given by yl ^ c-Indj^ A. This map takes the natural ©-action of Xi{E) on 
Oi{OK) = 7{0k) to its ©©^-action on ^?(K;6'i^). 

Next, we follow (2.3.3) to produce a simple character in G = GL„(F) 
such that Ha fl Gk = Hi , and 0\fj'^ = Ok- Thus is an m- realization of 0, 
with tame parameter field lEq/F. The character Ok determines the character 
uniquely [3] 7.15. We view A as acting on Gk via conjugation by elements 
of Jg, as in 5.6. This induces the natural action of A on A\{K;Ok) and the 
induction map 7{0k) •Ai{K] Ok) is a Z\-map. We likewise have the induction 
map 7{0) — )> 7l^(F; 0), transforming the ©-action of Xi{Eq) on 7{0) into its 
©e^^ -action on A'^{F; O). 

Proposition. The map indK/r of (5.7.1) induces a canonical bijection 

(5.8.2) indK/F : A\AUK; Ok)""-''^ A^iF; O) 
satisfying 

(5.8.3) indK/F {(t>E Qoe t) = (f> ©©bq indK/F t, 

for T e A^{K; Ok)^"''^ and (j) e Xi{Eo). 

If 'J : K ^ K'^ is an isomorphism of local fields, then 

(5.8.4) indK-r / F-r — {indK / F t)'' 1 
for allT eA^^{K-0K)^-'''^. 

Proof. The triple {Ok, ^) is determined up to conjugation by an element of G^e, 
as already noted. Since is determined by Ok, the triple {Ok, 0) is likewise 
uniquely determined, up to conjugation by G^e- The map A\{K;Ok)'^'^^^ 
A^{F]0), induced by the map indK/F '■ 7{0k)^'^'^^ '^{^)i is therefore inde- 
pendent of the choice of {Ok, 0). 
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That the map indx/F of (5.7.1) induces a bijection (5.8.2) follows from (5.7.2). 
The property (5.8.3) follows from (5.7.3). 

Finally, consider the map A i— )■ (^indx-z/F-r 

A-'y , A e T(^k)^"'^^- This is a 
version of ind^/F defined relative to different choices of {9k, d)- Such choices 
have no effect on the map (5.8.1), whence (5.8.4) follows. □ 

5.9. We continue in the same situation, as laid out at the beginning of 5.4 but 
using the viewpoint of 5.8. 

The group A acts on E as Gal{E / Eq). It fixes the endo-class Oe, so it 
acts on Ai{E;0e)- Let Ai{E;Oe)^''^^^ be the subset of /ll-regular elements. 
From (5.3.6), applied with base field we get a canonical bijection indE/K '■ 
A^^{E;Oe) A%K;Ok)- By 5.3 Corollary 2, this is a Zi-map. We therefore 
define a map 

indE/F : A^E; 0^)^-^ A^iF; O) 

by 

(5.9.1) indE/F = ind^/F ° indE/K- 

We combine 5.3 Corollary 1 with 5.8 Proposition to obtain: 

Theorem. LetO e ^{F) have tame parameter field Eq / F . LetE/Eo heunram- 
ified of degree m, and set A = Gsl{E / Eq) . Let Oeq be a totally wild Eo/F-lift 
of O, let 0E be the unique E/Eo-lift of &Eq- The map 

mdE/F : A\Al{E- 0^;)^-^ yi^(F; 0) 

is a canonical bijection satisfying 

indE/F{(t>E7^) = 00eBo indE/F'^, 
for TT e A^^{E; 0^;)^-^^ e Xi{Eo), and 0^; = o N^/^„. 

The map indE/F is natural with respect to isomorphisms of the field E. 

6. Some properties of the Langlands correspondence 

We make some preliminary connections between the machinery developed 
in §2- §4 and the representation theory of the Weil group set out in §1. We 
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use the same notation as before. In particular, S°(-F) is the set of equiva- 
lence classes of irreducible, smooth, n-dimensional representations of Wi? and 
Wf = Un>iSn(-^)- It will be convenient to have the analogous notation 
GLp = Un^i-^nl-^)- The Langlands correspondence therefore gives a bijec- 
tion 

L : — > GLf, 
a I — > V. 

6.1. To a representation n G GL^? we attach the endo-class ^?(7r) G £(-F) of an 
m-simple character occurring in tt, as in (4.1.1). On the other hand, let 

(6.1.1) : Wf — > Wf\^f 

be the map taking an irreducible smooth representation a of Wf to the WF-orbit 
Of{o() of an irreducible component a of 

Ramification Theorem. There is a unique map 

$F : Wf\?f — > ^{F) 
such that the following diagram commutes. 

Wf ^ > GLf 

Wf\?f > £(F) 

The map ^f is bijective. If j : F ^ F'^ is an isomorphism of topological fields, 
extended in some way to an isomorphism Wf — >■ Wft, then 

(6.1.2) $F7(0F^(a^)) = $F(OF(a))^- 

Proof. All assertions except the last are 8.2 Theorem of [8]. The last one follows 
from the uniqueness of $f and the corresponding property of the Langlands 
correspondence. □ 

If q; G IPf, wc usually write $F(ct) rather than $F(OF(ct))- 

When applied to one-dimensional representations of CPf, the Ramification 
Theorem reduces to the standard ramification theorem of local class field theory. 
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6.2. If K/F is finite and tamely ramified, then yx = and there is an obvious 
surjective map 

2 iK/F ■■ V^kX^f V^fX^f, 

We also have the map Xk/f '■ ^{K) — )■ £(-F) of (2.3.4), such that x^^/pO is the 
set of K/F-lifts of e £(F). 

Proposition. Let K/F he a finite, tamely ramified field extension with K <Z F. 
The diagram 

y^K\^K £(i^) 



V^pX^p > £(F) 



is commutative. 



Proof. The assertion is transitive with respect to the finite tame extension K/ F. 
We may therefore assume that K/ F is of prime degree. 

We deal first with the case where K/F is cyclic. Let a e 7 p., and let r be 
an irreducible representation of V^k such that r\yp contains a, that is, r\^{r) = 
Ok (a). Set = ^T, so that 'i?(0) = ^^(a) by the Ramification Theorem. 
Consider the representation a = Ind^/ pT. 

Suppose a is not irreducible: equivalently, t'^ = t for all 7 e T = Gal (K/F). 
We have 

X 

where ui is irreducible and x ranges over the characters of the group Wp/Wk = 
r. All characters x appearing here are trivial on = so r^(cri) is the 
orbit Op (a) = iK/pOKioi). On the other hand, the Langlands correspondence 
takes cr to the representation tt = Ax/p{(f)) automorphically induced by [16] 
3.1, and this takes the form of a Zelevinsky sum [30] 

TT = fflxTTi, 
X 

where tti = ^ai and x ranges as before. We have 

i?(7ri) = $F(r^((Ti)) = ^p{OF{a)) = ^po iK/F{OK{a)) 
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while, according to 7.1 Corollary of [8], 

^(tti) = Xk/fW)) = iK/F{^K{r},{T))) = Xk/F o $k(Ok(«)). 
Therefore 

$F O iK/F{OK{oi)) = -di-Ki) = iK/F O ^K{OK{oi)), 

which proves the proposition in the present case. 

Suppose now that a is irreducible. The representation n = is again auto- 
morphically induced, tt = Aj^/jr{4)) and, in the same way, ^^(Tr) = 'Xk/f{'&{(P))- 
The result follows as before. 

The proposition thus holds when K/F is cyclic of prime degree. By transi- 
tivity, it holds when the tame extension K/F is Galois of any finite degree. 

We are reduced to the case where K/F is of prime degree but not cyclic. In 
particular, K/F is totally tamely ramifed. Let E/F he the normal closure of 
K/F. From the first part of the proof, we know that the result holds for the 
tamely ramified Galois extensions E/F, E/K. A diagram chase shows that it 
holds for K/F. □ 

6.3. We use 6.2 Proposition to refine the Ramification Theorem. As in (1.5.1), 
we set 

dpioc) = [ZF{a):F] dim a, a e "Pp- 

Tame Parameter Theorem. Let a G have dimension , r ^ 0. If 
E = then 

(1) deg $i?(Q;) = dpio), and 

(2) E/F is a tame parameter field for $i?(Q;). 

Proof. We recall from [17] 6.2.5 the following relation. 

Lemma 1. Let tt G A*^{F), and denote by t{7i) the number of characters 
X G ^oiF) for which xtt = tt. We then have t{7r) = n/e{'i}{ir)) . 

Similarly, if u G Wi?, we define t{a) to be the number of x £ -^o(^) such that 
X<Si o- = a. Since \x ® cr) = X • ^(^i we have 

(6.3.1) t{a) = t{^a). 
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Using 1.4 Theorem to write a = IJ{p,t), for an admissible datum {E/F, p,t), 
we find 

(6.3.2) t{a) = f{E\F) dimr. 

We apply Lemma 1, first in the case where E — F. By 1.3 Proposition, 
there exists a G Wi? such that CT\yp = a. The representation a satisfies t{a) — 1 
(6.3.2) and dimo" = dim a = p^. If tt = ^cr, it follows that t(7r) = 1 and then that 
e(i?(7r)) = dimcT = p'^ . We deduce that dcg 7?(7r) — p'^ and, if F[P] is a parameter 
field for 'i?(7r), then F[P]/F is totally wildly ramified. The tame parameter field 
for ^^(Tr) = $i?(Q;) is therefore F, as required. 

We pass to the general case E ^ F. 

Lemma 2. The field E contains a tame parameter field T/F for ^f{o(), o-nd 
deg$F(a) = p^[T:F]. 

Proof. According to 6.2 Proposition, we have $i?(Q:) = iE/F^E{Q^)- The fibre 
given by the disjoint union 

By the first case above, the term $£;(«) is totally wild of degree p^ , but is also 
an £'/F-lift of ^f{(x)- The lemma now follows from 2.4 Proposition. □ 

Set s = p'^[T:F]. There exists an irreducible cuspidal representation r of 
GLs(F) with ^{t) = $F(a). Define u eWf hy = t. Thus dimu = s while 
i'Itp contains the representation a. However, an irreducible smooth represen- 
tation of Wf containing a has dimension divisible by p'^[E:F] (1.4 Theorem). 
Therefore s = p'^lEiF]. By the lemma, T C E, so E = T. □ 

6.4. Let e Wf\7f, let O e E{F) and let m ^ 1 be an integer. We define 
sets S^(F; 0), A^{F; 9) as in 1.5, (4.1.2) respectively. 

liae^F and = Of(q;), we set d{0) = dF{a). Thus g^(F; 0) C Sn(^), 
where n = md{0), and Sn(^) is the disjoint union 



(6.4.1) 



S°(F)= U 5'm{F;0), 

(0,m) 
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where (0,m) ranges over all pairs e 'V^f\'^f-i m G Z, such that n = md{0). 
Likewise, A^{F) is the disjoint union 

(6.4.2) yi°(F)= U 

(e,m) 

where O e £(-F), m e Z and n = mdeg0. 

Corollary. Let e Wpyj^p and put O = $f(0) £ ^{F)- For every integer 
1, the Langlands correspondence induces a bijection 

(6.4.3) 9'm{F;O)^^Al{F;0). 



Proof. Let p e 9^iF; 0). By the Ramification Theorem, e A'^,{F; 6»), where 
m' deg & = md{0). Part (1) of the Tame Parameter Theorem says deg O = d{0). 
Consequently 

^(g^(F; 0)) C >A^(F; $^(0)), e W^\y^, m ^ 1. 
The corollary now follows from (6.4.1), (6.4.2). □ 

7. A naiVe correspondence and 
the Langlands correspondence 

We use the machinery of §5, and the relationships uncovered in §6, to define 
a canonical bijection 

N:Wf — > GLp, 

We state our main results, comparing this "naive correspondence" with the 
Langlands correspondence. 

7.1. Suppose first that cr e Wi? is totally wildly ramified, i.e., is irreducible. 
For such a representation cr, we set 

(7.L1) = V 



Basic properties of the Langlands correspondence [16] 3.1 imply: 
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Proposition. Let a eWp be totally wildly ramified. 

(1) If X is a character of , then 

(7.1.2) %®^) = X-^^. 

(2) If J : F ^ is an isomorphism of local fields, then 

(7.1.3) V^) = i^a)^, 

7.2. Let a G Wp. As in 6.4, there is a unique pair (m, 0), where m ^ 1 and 
e Wf\Pf, such that a e g^(F;0). Choose a G 0, and set E = Zpia). 
Let Em/E be unramified of degree m and put Z\ = Gal{Em/E). As in 1.6 
Proposition, there is a Z\-regular representation p G S5(-^m;ci) such that a = 
Ind£;^/i? p. The Z\-orbit of p is thereby uniquely determined. 

By (7.1.3) and 6.4 Corollary, the representation ^p is a /A-regular element of 
Al{Em', ^Emi'^))- We use the map indE^/F of (5.9.1) to define 

(7.2.1) ''a = indE^/F'^P- 

Proposition. For each integer m ^ 1 and each G Wi?\CPi?, the assignment 

(7.2.1) induces a bijection 

g^(F;0)^<(F;$^(0)), 

(7.2.2) ^ 

(T I — y a, 

which does not depend on the choice o/ a G used in its definition. Further, 
(1) if X t-^ is an isomorphism F F~' of local fields, then 

>-) = (^a)^ aGS^(F;0), 



and 

(2) ifaeO and E = Zpia), then 



^(0 0a 0") = 0*B(a) ^(^, 

for all a G g^(F; 0) and a// G Xi(£;). 
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Proof. The map IndE^/F induces a canonical bijection A\Sl{Em; a)'^''^^^ — >■ 
9^(-F;0) (1.6 Proposition). The map indE^/p induces a canonical bijection 
Z\\yi?(E^;$s^(a))^-'^^s ^ (5.9 Theorem). The naive corre- 

spondence induces a zA-bijection Si(-E'm;a) — > '^i(-E'm; («)) (7.1 Proposi- 
tion). The map (7.2.2) is therefore a bijection. If a' E 0, there exists 7 G Wp 
such that a' = a'^, whence (by 5.9 Theorem, (6.1.2) and 7.1 Proposition) the 
definition of does not depend on a. Assertions (1) and (2) likewise follow 
from 5.9 Theorem. □ 

In the notation of the proposition, the central character of tt = is given 

by 

(7.2.3) cJtt = det a. 

If we write a = IndE^/F Pi where p e '^\{Em', 01) is /A-regular, then 

(7.2.4) det(7 = {dE^/pY^ deip\Fx, 

where dp^/F ^ -^i(-^) is the discriminantal character of the extension Em/F, 

dE^/F = detlnd£;^/i. 1^^, 
and — dimp = dim a. On the other hand, setting tt' = ^o", we get 

(7.2.5) Wtt' = det p|i?x . 

Remark. Suppose that cr e Wf is essentially tame, that is, r\^{a) = Of (a), 
where dimo; = 1. The definition of is then equivalent to that of [10] 2.3 
Theorem, the first step (7.1.1) in that case being given by local class field theory. 

7.3. We state our main result. 

Comparison Theorem. Let m 1 be an integer and a E Tf- Let E = Zf{oi) 
and put — Of{c() G Wf\J'f- There exists a character p = //^ q, G Xi{E) 
such that 

(7.3.1) V = //0$^(«)V 

for all a G 2m{F; 0). The character p^,a ^-^ thereby uniquely determined modulo 
Xo{E)m- 
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The proof of the Comparison Theorem will occupy the rest of the paper. 

Remark 1. Let (t e S^(F; 0), as in the statement of the theorem. Let Em/E be 
unramified of degree m and set A = Gdl{Em/ E) (as in the definition (7.2.1)). 
The theorem asserts that the character ji^^^i °^Em/E £ -^i(-E'm)^ is uniquely- 
determined. It is often more convenient to use this version. 

Remark 2. Let dim a = p^, let Ge = GLrnp^{E) and let det_B : Ge ^ E'^ he 
the determinant map. Setting tt = V and tt' = as before, (7.2.3-5) yield 

/^m,a ° detsl^x = uj^/uj^' = {cIe^/fV^- 

In other words, 

(7.3.2) ^^Jxr^"- ^dE^/F{xr\ xeF\ 

7.4. Combining the Comparison Theorem with 7.2 Proposition, we obtain a 
valuable corollary. 

Homogeneity Theorem. If a eTf and E — Zf{cx), then 

\<P Qa f^) =0 0<I.s(a) ^(^, 

for all a e Wp such that rp{a) = Of(Q!) ond all (f) e Xi{E). 

Proof. Abbreviating = Opia), let a e 9m(-^; ^) ^r some m ^ 1. Let /i = 
jJi^^on ^he notation of the Comparison Theorem. For e Xi(£?), we have 

\(t> ©a C^) = 0*B(a) 0*B(a) 

= 0*B(a) l^ 0*B(a) = 4> 0*B(a) '^f'', 

as required. □ 

In general, the Homogeneity Theorem is weaker than the Comparison Theo- 
rem. However, the two are equivalent in the case m = 1 since the sets Si(-^; 0), 
Ai{F; $F(a)) are then principal homogeneous spaces over Xi[E) (1.5 Proposi- 
tion, 4.2 Proposition). 
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7.5. We comment on a well-known special case [23] or [13] 2.4. 

Let p G Wj? be tamely ramified of dimension n, that is, p G S^(-^; If)- Thus 
p = = Indi^/i?^, where K/F is unramified of degree n and ^ G Xi{K) is K/F- 
regular. As in 3.5, we form the extended maximal simple type G T^(Of). 
The representation ^p^ is then the representation G >A^(F) containing A^. 

On the other hand, let X2 denote the unramified character of of order 2. 
The representation ^p^ is then given by 

(7.5.1) Ve=^e, where ^' = Xs"'^ 

([13] 2.4 Theorem 2). In the notation of the Comparison Theorem therefore, 

(7.5.2) <i,oNK/F = xr'- 

7.6. We do not give an explicit formula for the "discrepancy character" /i^ q,. 
However, we will be able to describe its restriction to units and so obtain a 
succinct account of the maximal simple type occurring in ^a, for any cr G Wi?. 

We follow the description of representations of the Weil group given by 1.4 
Theorem. So, let {E/F, p,t) be an admissible datum, in which dimr = m ^ 1, 
and set E = S{p, r) = Ind^/F P®^. Following 1.3 Proposition, we may choose 
the datum {E/F,p,t) so that detpjj^ has p-power order. Set a = p\tfj 
put O = $F(a)- 

We choose an m-realization 9 of O in G = GLn{F), where n = dimZ". We 
identify E with a tame parameter field for 9, in such a way that the simple 
character 9e (as in 2.3) has endo-class $£;(«) {of. 2.7 Proposition). Thus E 
is contained in a parameter field P/F for 9. We let Pm/P be unramified of 
degree m, with P^ C Jq. Let Km/F be the maximal unramified sub-extension 

of Pm/F. 

Let At G Tm(O^) be the extended maximal simple type occurring in W: this 
has been described in 7.5. Using this notation, we describe a maximal simple 
type occurring in E. 

Types Theorem. 

(1) There exists v G !K(^) such that tru is constant on the set of Km/F- 
regular elements of Hk^- This condition determines v\jo uniquely. 
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(2) The representation contains an element A of 7{6) of the form 

A = Q Xr ^ ly, 

where i/j e Xi{E) satisfies the following condition. Ife{E\F) is odd, then 
i/j is unramified, while '^\ue has order 2 if e{E\F) is even. 

We prove this result in §12. 

7.7. We describe briefly a variant on the Types Theorem. In the same situation 
as 7.6, let cti = IndE/p P ^ Si(-P'; ©), and set tti = Vi. In particular, dimui = 
m = n/m. Let ^ ^ e A%^{E]Qe). 

We choose an m-simple character 9i in GL„^(F) of cndo-class O. The rep- 
resentation TTi then contains an element ki of 'K{6i) = 7{9i), while contains 
some A G 7^{0e)- Using the notation of 3.3 Corollary 1, the representation 
gives rise to a representation Km = fm{i^i) G 'K{9). We set yl' = A ix Km G 7{9) 
and form tt^ = c-Indj^ A' e yi^(F;6'), where G = GL^(F). One sees easily 
that the representation tt^ is of the form 

(7.7.1) TTrn = 

for some (p G Xi{E) depending only on m and a. 

7.8. The first step (7.1.1) in the definition of the naive correspondence is surely 
the natural one. However, any family of maps satisfying (7.1.2) and (7.1.3) 
would lead to the same outcome: only the character q, would change by a 
constant factor depending on this choice. 

More particularly, in the context of 7.2, each of Si(-E'm; ct), -A-iiEm': $£;^(a)) 
carries an action of the group A ix Xi(i?^), and each is Z\ K Xi(£'^)-isomorphic 
toX^{Em). Any two/AKXi(£;^)-bijectionsof g?(£;^;a) with yiO(E^; (a)) 
therefore differ by a constant element of Xi{Em)'^- 

There is indeed a plausible alternative to (7.1.1), better preserving the spirit 
of explicitness. Let p E Wp he totally wildly ramified of dimension p^, r ^ 
1. In [4], using methods not dissimilar to those of this paper, we constructed 
a totally ramified cuspidal representation of GLpr(F). The "totally wild" 
correspondence p has properties (7.1.2) and (7.1.3). There is an unramified 
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character Xa oi , of order dividing p^~^ and depending only on a = ply p., 
such that = Xa ■ ^P- In the definition of the naive correspondence a i-)- ^cr, 
we could equally well start by setting = when a is totally wildly ramified. 
The relationship between the Langlands correspondence and the totally wild 
correspondence is discussed in [5], [6]. 



We prove the Comparison Theorem for totally ramified representations. Thus, 
in terms of the statement in 7.3, we have m = 1 and E/F is totally tamely ram- 
ified of degree e. We consequently revert to the notation listed at the beginning 



8.1. We work relative to a simple character 6 G C(a, /5) in G = GL„(F) such 
that = cl{6) = and deg O = n. Thus P = F[l3]/F is totally ramified of 

degree n. We identify E/F with the maximal tamely ramified sub-extension of 
P/F, in such a way that Oe = cI{9e) = (c/. 2.7). We use the standard 

abbreviations J = J(/3, o) = Jq and so on. We follow the notational conventions, 
relative to centralizers of subfields of M^(F), laid out in 2.3. 

Set r = Aut{E\F). Let Ne denote the G-normalizer NGiE"") of E"" . If 
7 e r, there exists e Ne such that g~^xg^ = ^ for every x e E. The 
element g^ is uniquely determined modulo Ge, and g-y ^ j provides a canonical 
isomorphism Ne/Ge — F. If t is a smooth representation of G^;, the equiva- 
lence class of the representation t'^ : x ^ T{g.yXg~^) then depends only on that 
of T, and not on the choice of g^. 

We define the constant e = ee/f = ±1 by (5.3.1) (c/. (5.3.2)). For tt e 
Ai{F; 0), we define tte G Ai{E; Oe) as in 5.3 Corollary 1. As usual, we denote 
by G^gg the set of elliptic regular elements of G. 

Proposition. Let tt G Ai{F;0). If h e Ge n Gf^^ and vpideth) is relatively 
prime to n, then 



Proof. We write tt = c-Indj A, where A e 7{9). Thus tte = c-lndjj^ Ae, where 
Ae e 7{eE) is given by (5.3.3). 



8. Totally ramified representations 



of 5.3. 



(8.1.1) 
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We examine more closely the elements h of the statement. 



Lemma 1. Let h & Ge^ Gf^„ and assume that i;F(det h) is relatively prime to 



n. 



(1) The algebra F[h] is a field, and the extension F[h]/F is totally ramified 
of degree n. 

(2) The field F[h] contains E, and E/F is the maximal tamely ramified 
sub-extension of F[h]/F. 

Proof. Since h G G^^g, the algebra F[h] is a field, of degree n over F. The 
condition on vpidcth) ensures that F[h]/F is totally ramified. Since F[h] is a 
maximal subfield of A, it is its own centralizcr in A. Since h commutes with E, 
the field F[h] must contain E. Therefore = n/[E:F] — , whence (2) 

follows. □ 

We henceforward view the character x i— ?■ tr A{x) of yl as a function on G, 
vanishing outside J. For g e G^^g, the Mackey formula of [3] Appendix then 
gives 



There are only finitely many non-zero terms in the right hand side of this ex- 
pansion [14] 1.2 Lemma. Similar considerations apply to the representations tt^. 
of Ge- Since we will only be concerned with term-by-term comparisons of these 
character expansions, we may re-arrange terms at will. 

We eliminate one class of elements h. Suppose that h E Ge ^ G^gg has no G- 
conjugate lying in J. It then follows from (8.1.2) that tr7r(/i) = 0. The element 
h also has no A'^£;-conjugate in Je, whence both sides of (8.1.1) vanish. So, we 
need only consider those elements h of Ge G®gg having a G- conjugate in J. 

Lemma 2. 

(1) Let h G Ge H G^eg; ^'^^ suppose that VF{deth) is relatively prime to n. 
Let X E G, and suppose x~^hx G J. There then exists y G Ne such that 
xJ n Ne = vJe- 



(8.1.2) 




xeG/J 
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(2) The map 



Ne/Je 

vJe 



G/J, 

yJ, 



is injective. 

Proof. In the present case, we have J = P^J^, whence J fl Ne = Je (2.6 
Proposition (2)) and (2) follows. In (1), let h' — x~^hx G J, By the Conjugacy 
Lemma (2.6) and 5.5 Lemma, there exists j G such that h" = j~^h'j G Je- 
Surely h" E Ge G^reg? can apply Lemma 1: the field F[h"] contains E 

and E / F is the maximal tamely ramified sub-extension of F[h"]/F. Conjugation 
by the clement y = xj gives an F-isomorphism F[h] — )■ F[h"] which must carry 
E to itself. That is, y G Ne and so the lemma is proved. □ 

We return to the expansion (8.1.2). Following Lemma 2, it reads 



with h G Ge n Greg- For y G Ne, we have y ^hy G J if and only if y ^hy G Je- 
In all cases, therefore, (5.3.3) yields 





x€G/J 



V^Ne/Je 



irA{y ^hy) = eE/ptr AE{y ^hy). 



Consequently, 




^E/F 



■yerzeGE/Js 




as required. □ 



We record a technical consequence for later use. 
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Corollary. Let a be an integer, relatively prime to n. There exists h e J^nG^gg 
such that vpidet h) = a and 

tT7r{h) = se/f ^ tr7r^(/i) ^ 0. 

Proof. The representation n is totally ramified, in that t(7r) = 1 (c/. 6.3 Lemma 
1). The representations xtt, x ^ ^o(-^)n7 are therefore distinct and the character 
functions tr^/T are linearly independent on Gf^^. It follows that there exists 
h G Greg such that VFideth) = a and tr7r(/i) 0. The Mackey formula (8.1.2) 
shows we may as well take h E J = P^J^. Applying the Conjugacy Lemma 
of 2.6 and 5.5 Lemma, there exists j G such that h' = j~^hj G Je- The 
element h' has all the desired properties. □ 

8.2. Let p G g?(E;a). We put 

(8.2.1) i^p = ^P, 7r^ = '^(Inds/i.p). 

Thus Up G ^2(E; ©£;) and Hp G ^?(F; 0) (6.4 Corollary). 

The representation {tTp)e hes in Ai{E;0e) (5.3 Corollary 1) and the set 
Ai{E;Oe) is a principal homogeneous space over Xi{E) (4.2 Proposition). It 
follows that there is a unique (j)p G Xi{E) satisfying (77^)^ = (jjpVp. We prove: 

Proposition. The function 

(8.2.2) P^0p, pe9'iiE;a), 
is constant. 

Before starting the proof of the proposition, we note that it implies the Com- 
parison Theorem in this case: 

Corollary. There is a unique character /i = nf^^ G Xi (E) such that 

^(Ind e/f<^) = ind-E /f A* ' 
(S 2 3) ^ I ' I 

= f^Qe^% ae'^liE-a). 

Proof. Continuing with the notation of the proposition, let denote the char- 
acter 0p, defined by the condition {tTp)e = <t>i'p, for all p G 9i{E; a). 
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Let ^ e Xi{E) and consider the representation 7r^(gip. According to the propo- 
sition, 

Invoking 5.3 Corollary 1, this relation is equivalent to ir^^p = ^ Gq^ ^p- In 
other words, the map Si(-?^; Of(ci)) ^ induced by the Langlands 

correspondence, is an isomorphism of Xi (£^)-spaces. However, the composite 
map 

g°(F; Of («)) d'iiE; a) Al{E- Oe) Al{F- Op^a)) 

is also an isomorphism of Xi{E) spaces. Since Sil-P"; OfIq;)), Ai{F\0) are 
principal homogeneous spaces over Xi{E) (1.5 Corollary, 4.2 Proposition), these 
two maps differ by a constant translation. This is precisely the assertion of the 
corollary. □ 

8.3. We prove 8.2 Proposition by induction on n = [E:F]. 

We observe that \r\ = gcd(e, q—1) where, we recall, q = \kF\ and e = [E:F]. 
We first treat the case where \r\ = 1. Here, the norm map 1:^e/f '■ — >■ is 
surjective, and induces an isomorphism E^ /U^ = F^ /Up. It therefore induces 
an isomorphism Xi{F) Xi{E), denoted x ^ Xe- Let a e Si{F; Opiot)), 
(f) e Xi(E). Writing (f) = xe, X ^ Xi(F), we get 

\4> Qa'7) = \x®'y) = x-^'y^4> 0©s ^<y- 

The Langlands Correspondence thus induces an isomorphism Si(-f^; 0^(0)) 
A\{F] O) of principal homogeneous spaces over Xi{E). The same applies to the 
naive correspondence. The two correspondences therefore differ by a constant 
translation. The Comparison Theorem follows in this case, and with it the 
proposition of 8.2. 

Remark. In this case, the ramification index e = e{E\F) is odd, so the dis- 
criminant character (Ie/f is unramified, of order ^ 2. It follows easily that the 
character ji = //f^Q, of the Comparison Theorem is unramified, of order dividing 
2n. 

8.4. We therefore assume that \r\ 7^ 1, and we let / be the largest prime divisor 
of \r\. Let K/F be the unique sub-extension of E/F of degree I. Thus K/F is 
cyclic. We set Q = Gal (K/F). 
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Let p e SiiE;a) and define Tp = ^(IndE/K p) ^ ^n/i(^)- Taking TTp = 
^{IndE/F p) £ as in 8.2, the representation TTp is automorphically induced 

by Tp. We use the notation tt^ = P^K/F'Tp- 

The representation TTp hes in Al{F; 0), so tt^ = c-Indj A, for a unique element 
A of T(6'). In particular, tt^ contains the simple character 9 e C(a, ^) of 8.1, and 
E is identified with a subfield of P = 

Following the conventions of [13] §1, we choose a transfer system for -fC/F, 
in relative dimension n/l and based on a character x of F^. This gives us a 
transfer factor 5 = 5k/ f- By definition, the kernel of x is the norm group 
^k/f{K^). Therefore x is trivial on det J C 'Ne/f{E^)Up, and we may apply 
the Uniform Induction Theorem of [13] 1.3. This gives the relation 

(8.4.1) tv-TTpih) = C^/'^Sih) tVT^ih), 

valid for all h G Gk H G^eg- (8-4.1), the constant c^^^ depends on the 
choice of transfer system (which we regard as fixed for all time). Otherwise, it 
depends only on the endo-class cI{6k) = $K(a) = '^e/k^e{'^)i and so only on 
a. The transfer factor 6 is independent of all considerations of representations. 
The term tr^ -Kp is the normalized x-twisted trace of TTp, formed relative to the 
^-normalized x-operator <?^^ on Tip (as in [13] 1.3). It satisfies a Mackey formula 

(8.4.2) tr^7rp(/t)= J] x{detx-^)tT A{x-^hx), /i e n G^^'g, 

xEG/Jf 

and this is the only property we shall use. 

We recall that if we treat Tp as fixed, then the relation (8.4.1) determines TTp 
uniquely. Conversely, if we view TTp as given, then (8.4.1) determines the orbit 

{r- -.uen}. 

Let h G G^nG^gg, and suppose that VF{det h) is relatively prime to n. Using 

(8.4.2) , the argument of 8.1 Proposition applies unchanged to give 

(8.4.3) tr-7rp(/i) = se/f J] x(det^-i) tr 7r;^^(/i). 

7er 
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Lemma. Let h E Ge Gf^^ and u E Q. Suppose that VF{deth) is relatively 
prime to n and trT^(/i) ^ 0. The automorphism u then extends to an F- 
automorphism of E. 

Proof. Choose fco e Nk = NGiK"") such that f'^zf^ = for all ^ e K^. 
Since tTTp{h) = tTTp{f^hf~^) ^ 0, the Mackey formula (8.1.2) implies that 
h' = fujhf~^ has a G^-conjugate h" = x~^h'x lying in Jk- By the Conjugacy 
Lemma 2.6, there exists j e such that hi = j~^h"j e Je- The field K[hi] 
therefore contains E, and E/K is the maximal tamely ramified sub-extension 
of K[h-i]/K. Likewise, E/K is the maximal tamely ramified sub-extension of 
K[h]/K. Conjugation by the element y = f^^xj thus induces an F-isomorphism 
K[h] — > stabilizing E and extending the automorphism u of K. Conjuga- 

tion by y thus induces an automorphism oi E/F with the desired property. □ 

8.5. Before starting our analysis of the induction relation (8.4.1), we control the 
transfer factor 5{h) for certain elements h. We use the notational conventions 
A, etc., of [13] (1.1.2). 

Transfer Lemma. Let ho e Je, and suppose that vpidet ho) is relatively prime 
to n. The function u ^ S{hou), u e Jj., is constant. 

Proof. There is an element xo of K such that /ig^' = xo (mod J^). For any 
h e hoJE, we also have /i"/' = xo (mod J|.). Let L/F be a finite Galois 
extension, containing K, all F-conjugates of h, n distinct n-th roots of unity 
and an (n/Z)-th root x of xo- An F-conjugate of h is of the form (xu, for some 
C E fJLL and some u e U}^. The quantity A(/i) is therefore a product of terms 
((■—CO) various C 7^ C' ^ a power of x and a 1-unit of L. The differences 
of roots of unity and the element x depend only on the coset hoJ}^. Thus A-^ 
and A^ are constant on this coset, so the same applies to 6 = A^/A^. □ 

8.6. It is now convenient to split into cases. For 7 G F, the element is 
determined modulo Ge, and Ge is contained in the kernel of the character 
X o det of G. Thus 7 1-^ x(det g^) is a character of F. 

Lemma. The character 7 i->- x(det g^) of F is trivial unless the following con- 
dition is satisfied: 



(8.6.1) 



/ = |F| = 2 and e/2 is odd. 
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Suppose condition (8.6.1) holds (and so p ^2). The character is then trivial if 
q = l (mod 4), of order 2 if q = 3 (mod 4). 

Proof. By the Normal Basis Theorem, the automorphism of the E^-vector 
space is a permutation matrix. Its ^'-''-determinant is the signature of this 
permutation. Since x has order I, the lemma follows immediately. □ 

8.7. In this sub-section, we assume that condition (8.6.1) fails. Consequently, 
x(det g^) = 1 for all 7 G -T, and (8.4.3) is reduced to 

(8.7.1) tr-7rp(/i) = e^;/,. J] tr 7r;^^(/i). 
We deduce from (8.4.1) that 

(8.7.2) eE/F E ^^^JMh) = c^/^ d{h) ^^r^ih). 

We apply 8.4 Lemma to simplify the relation (8.7.2). Writing A = Aut{E\K), 
we have an exact sequence 

1^ A — > r — > f2. 

Let f2o denote the image of F in f2: thus either f2Q — f2 or Qq is trivial. Either 
way, 8.4 Lemma implies 

Applying 8.1 Proposition, we expand the right hand side to get 

^E/F J2''''lEih) = eE/KC^/^S{h) J2 

(8 7 3) ^^■^ i^enoSeA 

= eE/KC^"'S{h)Y,^.rl^{h\ 

the factor ce/k being a constant sign, given by (5.3.2), (5.3.3) relative to the 
base field K in place of F. It depends only on the simple stratum [a^, l3]- 

As in (8.2.1), (8.2.2), Up denotes and t^p^e = for some (pp G Xi{E). 

We have to show that (f)p is independent of the choice of p e Si{E;a). By 
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inductive hypothesis, there is a character fx^ = //{^^ e Xi{E) such that (r^) e = 
/i^z/p, for aU p e 9i{E;a). 

We compare the central characters ui-Kp^ on . In (8.7.3), we replace h 
by zh, with z & . The left hand side changes by a factor a;7rp(-s) and the right 
hand side by ujTp{z)5{zh)/ 6{h). Since Tip = A^/^Tp, the quotient ui'^Urplpx is 
d^jp, where d^/F is the determinant of the regular representation Ind^/F 
of W/^yWi?. It is therefore unramified except when / = 2 and n// is odd. Since 
/ is the largest prime divisor of \r\, this case is excluded by 8.6 Lemma and the 
initial hypothesis of the sub-section. 

So, 5{zh)/6{h) depends only on vf{z). The characters 0^, (fi^)'^, thus all 
agree on fip = /J'E- We deduce that (f)p = xpl^^ ■> where Xp is unramified and, 
therefore, fixed by F. Thus (8.7.3) reduces to 

(8.7.4) eE/FXp{<^^tEh)Y,^TTlE{h) = eE/KC^^^S{h)Y,^TTlE{h). 

Let a be an integer relatively prime to n. By 8.1 Corollary, we may choose 
h e Je n G^gg with VF{deth) — VE{detEh) — a, such that tr rj^(/i) 0. 
We deduce that 

(8.7.5) XpidetE h) = ee/f ^e/k c^'^ S{h), 

for all such h E Je ^feg- The Transfer Lemma of 8.5 implies that (8.7.5) 
holds for all h e Je with VE{detE h) relatively prime to n. It follows that Xp is 
independent of p, as desired. 

8.8. We are reduced to the case where (8.6.1) holds, that is, where \F\ = 2 
and [E^:F] is odd. The canonical map F ^ Q = Gdl{K/F) is therefore an 
isomorphism. Let 7 be the non-trivial element of F. 

The analogue of (8.7.2) reads 
(8.8.1) eE/F (tr7rp,^(/i) + x(-l)tr 7r;^^(/i)) 

As before, set Vp — ^p. There is a character (j)p e Xi{E) such that Tip^E = 4>pi^p- 
By inductive hypothesis, there is a character p,^ = p,^^^ G Xi{E) such that 
'Tp,E — l^^^p for all choices of p e A\{E; a). We set Xp = 4'p/l-i'^ ■ 

Comparing the central characters of iTp and Tp on F ^ , we find: 
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Lemma 1. 

(1) IfzeF"", then 6{zh)/d{h) = k{z) and 

(2) XplnF ~ ^Ihf) character having order 2. 

We now invoke an elementary point. 
Lemma 2. Let ^ e Xi{E) and y e . If has order 2 and VE{y) is odd, 

then V{y) = x{-my)- 

Taking the lemmas into account, the relation (8.8.1) reads 

^E/F Xp(det£; h) (tr Tp^E{h) + tr r^Eih)) 

= c^/^5{h){trT,,E{h) + trTlM)- 

That is, 

(8.8.2) Xp(det£ h) = eE/KeE/F c^'^ S{h), 

for all h G Je^G^^^ with VE{detE h) odd and trTp,£(/i)+tr t^^(/i) ^ 0. Arguing 
as before, the character Xp is independent of p. 

This completes the proof of 8.2 Proposition, and hence that of the Comparison 
Theorem in the present case. □ 

8.9. For ease of reference, we display an intermediate conclusion of the preceding 
argument. We use the notation of the Comparison Theorem in 7.3. 

Corollary. Suppose that E/F is totally ramified and that F = Aut{E\F) is 
non-trivial. Let I be the largest prime divisor of \F\ and let K/F he the unique 
sub-extension of E/F of order I. There is a unique character £ Xi{E) such 
that 

(8.9.1) X^'ideiE h) = eE/FeE/K c^'"^ SK/Fih), 

for all h e Je with VE{detE h) relatively prime to n. The character fxf^^ then 
satisfies 

(8.9.2) f^f,a=x''-l^l,a- 
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We recall that the factors e^/j?, ^eik are symplectic signs: for example, e^/j? 
is t^x I py.ui^{Jl / Hi) = ±1. In the essentially tame case, one may compute the 
character ^^^^ iteratively, using (8.9.2). The first step, where F = Aut(£'|F) is 
trivial, requires a base change argument as in [10] 4.6. The steps coming from 
automorphic induction are computed in [10] 4.5 and [11] passim. 

We comment briefly on the general case. For the flrst step, as in 8.3, a 
base change argument analogous to that of [10] could not determine the desired 
character directly. In the cyclic case of the corollary, one may look at values 
{hih2^), for elements hi of Je with VE{detE hi) relatively prime to n. Sup- 
pose, for a simple example, that / and p are odd. The discriminant character 
dx/F is then trivial, so ° det e is then trivial on . Since p is odd, one may 
choose the hi so that VE{detE /ii/i^^) is divisible by e but relatively prime to p. 
The transfer factors Sx/Fi^i) are each the product of an l-th root of unity and 
a positive real number. One concludes that x^ has order dividing / and that 
ep^KCa > 0. An argument similar to that of [10] 4.5 Lemma now implies that 
is trivial. 

9. Unramified automorphic induction 

In this section and the next, we cover the main part of the proof of the 
Comparison Theorem. We work in the general case, using the notation laid 
out at the start of 5.4. In particular, Eq/F is a tame parameter field for 6, 
E/Eq is unramified of degree m with A = Gal(£^/£^o)5 and K/F is the maximal 
unramified sub-extension of E/F. In that situation, we set = cl{6) and 
use the notation 0k etc., as in (5.8.1). As usual, we abbreviate J'^ = Jg, 
Jk — "^Ok = ^ Gk, and so on. In addition, we set d = [K:F]. 

9.1. We recall a property of automorphic induction. 

Proposition. The operation of automorphic induction induces a bijection 
(9.1.1) Ak/f : A\A',{K; 0^)^-^ A'^{F; 0). 

Proof. The endo-classes 6*^, 7 G A\r, are distinct, as follows from (2.3.5). 
Consequently, any representation r G Ai{K; 0k)^'^^^ is F-regular. The au- 
tomorphically induced representation tt = A^/ft is therefore cuspidal. The 
endo-class ^^(Tr) is Ik/f^k = [8] 7.1 Corollary, whence n G A^{F;0). 
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Conversely, let tt G 0). The integer t{n) is d = [K:F] (6.3 Lemma 2). 

It follows that TT = Ak/f'T-i for some T- regular r e ^^^^(K). The representatfon 
r is determined by tt, up to T-conjugation. The endo-class ■^{t) is a K/F-lift of 
'i?(7r) = 6*. The set of K/F-lifts of O form a single T-orbit, so we may choose r 
to satisfy ^{t) = Ok- Therefore r e ©k)- The representation r is surely 

regular, and tt determines its /A-orbit. □ 

We compare the bijection (9.1.1) with the bijection (5.8.2) given by the alge- 
braic induction map indx/F- As before, we write xe = X°^e/Eqi X ^ ^li^o), 
and recall that the map x ^ Xe induces an isomorphism Xi{Eo) / Xo{Eo)m — > 

Unramified Induction Theorem. There is a unique character v G X\{E')^ 
such that 

(9.1.2) Ak/ft = indx/Fi^ Qoe 'T^ 
for all T e A^i{K; Ok)^-'"'^. In particular, 

(9.1.3) Ak/f{xe Qoe t) = X ©Sbo ^^^/^ 
for X e Xi{Eo) and r e yi?(K; 6>k)^"'''^. 

The proof will occupy us until the end of §11. Before starting it, we remark 
that the second assertion of the theorem follows from the first and (5.8.3). The 
character ly is of the form (^'o)^, for some vq G Xi{Eq). In those terms, the 
relation (9.1.2) reads 

(9.1.4) Ak/f r = VQ ©e^o indx/F r. 

While (9.1.2) determines v uniquely, the character vq is only determined modulo 

Xo{Eo)m- 

9.2. We choose a prime element wf of F and a representation k G 'K{6) satis- 
fying the conditions of 5.6 Lemma 2. We define kk = '^k/f{K') G ^{^k), as in 
5.6 Proposition. If ^ G Xi(E)^-'^«s, we set 

(9.2.1) = c-lndj^ e «x e •A°(K; 0x)^"'^. 

Lemma 1 of 5.7 implies that every element of Ai{K; Ok)^''^^^ is of this form, 
for some ^ G Xi{E)'^''^^^. Likewise, we define 

(9.2.2) TT^ = c-Indj x k = indx/F e -^ml^; 6>), 
in the notation of (3.6.2). 
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Lemma. There exists X — ^ Xi{E)^''^^^ such that 

(9.2.3) AK/FT^ = 7r^. 

The correspondence ^ induces a bijection of A\Xi(E)^'^^^ with itself. 

Proof. This follows from the bijectivity of the map (9.1.1) and 5.8 Proposi- 
tion. □ 

In these terms, the Unramified Induction Theorem of 9.1 is equivalent to the 
following. 

Theorem. There is a unique character = jia^^ £ Xi{E)'^ such that 

for all^e Xi(£;)^-'^«s. 

To prove the theorem, we use the automorphic induction equation, 

(9.2.4) tr-7r^(^) = c^/^%)^trT7(^), geGKnCf^^, 

-yer 

as in §8. In this case, x is an unramified character of of order d = [K:F]. 
It is trivial on the group det J, so we may again apply the Uniform Induction 
Theorem of [13] 1.3. The x- twisted trace ir'^ tt^ is defined so as to satisfy the 
Mackey formula 

(9.2.5) ir''TT{g)= J] x(det a;"^) tr ^(a;" V), £f e n G^^^g, 

where A-y^ = X"^ ^ k = tK k. The constant Ca^^ depends only on 9 and K, 
and 6 = 5k /F is a transfer factor. We recall that there are only finitely many 
terms in the expansion (9.2.5) ([14] 1.2). 

9.3. We evaluate each side of the relation (9.2.4) at a special family of elements. 

We use the groups pJ^wp) = pJ and pJx defined in 5.5. Recalling that 

r-\-t 

= [P:E], we say that g E is pro-unipotent in G/ (zup) if fi*^ — > 1 in G/ {wp) 
as t ^ oo. In particular, any element of pJ is pro-unipotent in G/ {wp)- 
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Lemma 1. Let g = (h, where ( e Hk is F-regular and h e H {GkT^q^. 
The element g then lies in Gk H Gf^^. Let x E G satisfy x~^gx E J. The coset 
xJ then contains an element y of Nk = No{K^). For any such y, we have 
h' = y~^hy e pJx- 

Proof. The first assertion is immediate. 

Of the element g = (h, the factors C, h commute with each other; the first has 
finite order prime to p, and the second is pro-unipotent in G/{vjf)- The factors 

h are thereby uniquely determined. So, any closed subgroup of G containing 
g and must contain both ^ and h. If x & G and if g' = x~^gx lies in J, it 
follows that both (' = x~^(x and h' = x~^hx lie in J. In particular, e J°. 
The algebra F[('] is a field in which is a root of unity of the same order as C- 
It follows that (' is J°-conjugate to an element of hk- Replacing x hj y = xj , 
for suitable j G J°, we therefore get g" — y~^gy G J and (" — y~^Cy ^ Mk- 
Thus y e Nk- Again, h" = y~^hy lies in J and commutes with (". It follows 
that h" e Jk = P^Jx- Since h" is pro-unipotent in G/{wf), it must lie in 
pJk as required. □ 

We extract a remark made in the course of the proof. 

Lemma 2. Let h e pJk o.nd y e Gk- If the element y~^hy lies in Jk then it 
lies in pJk- 

The natural action of Nk on induces an isomorphism Nk/Gk — ^ F. For 
each 7 G -T, we choose g-y G A''^ with image 7 in F. The groups Nk^iJ, Nk^J^ 
both have image A in F. The map x xJ thus induces a bijection 

U g^GK/JK^NKJ/J, 

the union being disjoint. The character x o det of G is trivial on Gk, while 
det g^ = ±1 (mod det Gk) (as in the discussion of 8.6). Since x is unramified, 
this implies x(deta;) = 1 for all x G Nk- Thus (9.2.5) is reduced to 

tr-7r^(C/i)= Yl E trA^{y-'Ch''y)^trn^{Ch), 
-r^r/A v&Gk/Jk 

for any element g = i^h as in Lemma 1. 
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We recall (9.2.2) that = k. We evaluate the factor ir K{y-'^Ch'^y), 
using (5.6.1). The character ej;^^ = tj^^{Jg /Hq) of the cyclic group (Xk has 
order ^ 2 and so is T-invariant. Therefore 

tTn{y-\^h^y) = el^e^^iQ ir KKiy'^h^y), 

where kk = ^k/f{i^) (as in the definition of r^) and = i^j^iJg /Hq) = ±1. 

We consider the term tr \'^{C,'^y~^h?y). As in 3.1 (but with base field K), we 
have the character x"^^ e Xi{9k) satisfying 

The group pJx is contained in the subgroup Pq of Jk = Jr- The 
restriction of to Pq is a multiple of the character ^''^jpx ji . Let Xo(^k) 
denote the subgroup of Xi{9k) consisting of characters trivial on = ^IkJk'- 
thus Xo(^k) is the image of Xq{E) under the map i-> 0*^^ of (3.1.1). 

We choose a character a-^ e Xq{9k) to agree with x"'^ on pJ^. This is of 
the form = o^^, for a character a-^ e Xq{E), uniquely determined modulo 

Xo(S)e, e - e(E|F) - We get 

ir\-'^{Cy-^h'^y) = irX'^{C)~a^{y-^h?y) = {-ir-^~a^{y-^h'^y)Y,Xp{C'). 

6eA 

and so 

trA^iCy-'h-^y) = i-ir-'el^^lAO «K)(2/-'/i^2/) J] Xp{C'). 

By definition, e :K(6'k)^ = 7-(6'k)^, so 
(9.3.1) p=c-IndJ^«K 

is an irreducible, cuspidal representation of Gk, lying in Ai{K;Ok)^- Assem- 
bling the preceding identities, and taking account of Lemma 2, we obtain 
(9.3.2) 

tr-7r^(C/.) = (-l)— ^62,^6^^(0 Yl (Ex^(C"'))^^K0e.p)(/^^) 
= (-ir-'ei. E (E^i^Xp(C'))tr(a^0e.p)(/^^). 
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9.4. We look to the other side of the automorphic induction relation (9.2.4), 
using the same notation. We expand trT^{(^^h^). The representation kk is 
trivial on hk (remark following 5.6 Lemma 3). Prom 9.3 Lemma 2, we obtain 

tvT^iCh^) = ^p{C) Yl a^iy-'h^y)tvnK{y-'h''y) 

V^Gk/Jk 

= ep(C)tr(a^ 0©. pW). 
Taking account of (9.3.2), the relation (9.2.4) now reads 



(9.4.1) i-ir-'e^, E (E^iKXp(C'))tr(ax0©.p)(/^^) 



9.5. We simplify the relation (9.4.1), starting with a special case. Since h G 

?^gg is equivalent to /i e (GK)reg- 



and C e Hk is /^-regular, the condition C,h e Gf^ is equivalent to /i e {GkTi^ 



Transfer Lemma. If h G J]^ n (GK)reg ^'^^ ^/ C ^ I^k is F -regular, then 

sm = 1. 

Proof. Let f3,'j E F, f3 'j. Let ?//3, be eigenvalues of /i'', h'^ respectively, in 
some splitting field L/K. Thus yp^y-y G Ul and C^yp—Ov-y is a unit in L. We 
follow the standard notation laid out in [13] (1.1.2) and observe the convention 
of [13] Remark 1. In those terms, the quantity A(C/i) is a unit and, since x is 
unramified, the lemma follows. □ 

The identity (9.4.1) now implies 
(9.5.1) (-1)^-^6°, E {Y.^lKXp{C'))t<a^Oe,p){h?) 

= ^l'^ E (E^^(c"'))t^K0^^-^)(^")' 



for h e J}^ (Gk)™- The characters and are unramified, so we get 



tr(a^ 0e, p)(/i^) = trp(/i^) = tr(ae 0e, p){h^), 
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and the relation (9.5.1) becomes 



(9.5.2) {-ir-'el^ (E^MxXp(C'))trp(/i-) 



To proceed further, we need: 



Linear Independence Lemma. Let h G Jr , and let u range over the set of 

^ell 
'reg ■ 



elements of J]^ such that hu e (Gi^)^^ . The set of functions 



u\ — >tip^{hu), e A\r, 

is linearly independent. 

We shall prove this lemma in 9.7 below. It implies 

SeA S&A 

We recall that the constant Cq does not depend on ^. The lemma of 9.2 
therefore enables us to apply [13] 2.3 Corollary 1 and so obtain: 

Proposition. The characters ^ and ej^^x of ^Ik in the same A-orbit, and 

The first conclusion of the proposition may be strengthened. 
Corollary. Let ^ e Xi{E)'^-'''^. There exists a unique character 

such that 

x\ue=^]xk^\ue and P^K/Fn = T^x- 
The character i~^X£, has finite order. 
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Proof. Given ^, there surely exists x ^ Xi{E)'^'^^^ satisfying the two require- 
ments. The first of them determines x modulo Xo{E). We therefore take 

e Xo{E), (/> 7^ 1, and show that TT(f)^ tt^. 

The character (p is of the form t(j o Ne/f^ for some i/j G Xo{F). We then have 
^<t>x ~ V'^x- "^^^ relation ifjir^ = tt^ would imply ip o N^/f — 1; which is false 
since '0 o ^EjF 1- Thus ^ = 1 as required. 

For the final assertion, it is enough to show that X~"^C(^f) has finite order. 
Let V'2 temporarily denote the unramified character of of order 2. By con- 
struction, both K and kk are trivial oyi vof- The central character uJt^^ of tt^ 
thus satisfies 0Jtx^{'ujf) = Xp(^f)- the other hand, the central character of 
Aj^/pT^ is ip2^~^^ u)r^ \fx ■ Its value at zjf is therefore {—1)^"'^'^^^p{'U!Jf), whence 

In the situation of the corollary, we define 
(9.5.3) f^^ = C\^, CeX\E)^-^'^. 

We show that does not depend on ^: this will prove 9.2 Theorem, with jJLa^^ 
being the common value of the //^. 

9.6. We return to the identity (9.4.1), relative to an arbitrary element h of 
pJx n {GK)fl^- The character a^, by definition, lies in Xq{E). So, there exists 
an unramified character hy^ oi such that = 6^ o N^/^^^. This gives 

tr(a;^ Qoe P)ih'^) = b^{detK h'^)trp{h^) = b^{det k h) tr p{h'^). 

Looking back at the definition of in 9.3, we see that by^{detKh) = x''^{h)- 
Similar considerations apply to the character a^. Taking account of 9.5 Propo- 
sition, the relation (9.4.1) is therefore reduced to 

(9.6.1) x'^'ih) trp{h^)^6{Ch)^-'-{h) J2 t^P^^^)- 

jer/A -rer/A 

This relation is valid for all h e pJx n (GK)reg- "^^^ characters Xi ^ therefore 
satisfy 

(9.6.2) x''''{h) = 6{(h)^''-{h), 

for any h G pJx such that J^-y'^'''^ Pi^'^) 0- Fo^' any such h, 9.5 Corollary 
asserts that S{(h) is a root of unity. 
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Transfer Lemma. Let h e pJx H {GK)f^g and let ( e be F-regular. Let 

yxih) = vxidetx h) = VF{deth)/d. 

Let zof be a prime element of F, and write s = [P'K] = ep^ . If S {(h) is a root 
of unity, then 

6{Ch) = x(det/i)^('^-^)/2 = x(ti7i.)"^('^)'^('^-^)/2. 

Proof. We use the standard notation for transfer factors, as summarized in [13] 
§1. The relevant relations are 

A\Ch) = x(e,A(C/i)), 

(9.6.3) A\Ch) = \mhffj' \\detCh\\f-'^/\ 

diCh) = A\Ch)/A\Ch). 

Here, is a unit in K such that ej = (— l)*(''~^)es, for a generator 7 of F. 
Wc do not need to give the definition of the function A: we recall only that 
A{Ch) e K"" satisfies A{Chf e and e,A(C/i) e F^. 

If d{Ch) is a root of unity, then A^{(h) = 1 and so 

VF{esA{Ch)) = VK{A{Ch)) = s{d-l)vF{deth)/2, 
whence the lemma follows. □ 
Proposition. The character of (9.5.3) satisfies 

(9.6.4) /x^^ (/i) = x(det /i-p'^(d-i)/2) ^ x(ti7F)^^^''^"^^"'^/^ 

Proof. Let h e pJx- The Linear Independence Lemma of 9.5 gives u E Jj^ 
such that hu E (GK)reg ti'P((^'")''^) 7^ 0- The relation (9.6.1) therefore 

implies ji"^^ {hu) = S{(^hu), and this quantity is a root of unity, by 9.5 Corollary. 
The result now follows from the Transfer Lemma. □ 

The proposition determines /U^^ on pJx- It therefore determines //^ on the 
group detE{GE (^pJk), which contains wf- We deduce: 
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Corollary. Let C e Xi{E)'^-^''^. The character = C~^xc of (9.5.3) satisfies 

(9.6.5) f^^\nE=^liE^ 

//^(^^^) = x(^^)-(^-i)/2 = ±l, 

for a prime element zup of F. In particular, if ^' G Xi{E)^'^^^, then 
In particular, if Eq/F is unramified, then //^ = //^/ . 

Proof. Only the third property requires comment. From its definition, the 
character ej^^ is trivial on fip, so the asserted property is independent of the 
choice oi wp- We therefore assume wp is the prime used to define pJ, that is, 
pj = pJ{wf)- The infinite cyclic group pJk/Jk therefore generated by an 
element ho of such that Hq = wp (mod Up). In the notation of the propo- 
sition, YK{ho) = e. On the other hand, deipiho) — Np/^(/io) = /iq (niod Up), 
since the field extension P/ E is totally wildly ramified. This yields 

^i^{wp) = /.f (/io) = x(^^)^Vd(d-l)/2 ^ ^(^^)n(d-l)/2^ 

as required. □ 

The corollary completes the proof of the Unramified Induction Theorem in 
the case where Eq/F is unramified. 

Returning to the general case, the character e^^ is trivial when 7? = 2, of 
order ^ 2 otherwise. Consequently, there is no need to distinguish between e^^ 
and e^^ p as characters of Hk = ^^e = A*p. 

Remark. In (9.6.5), the character e\<{iJbE) is invariably trivial on {Xp. Conse- 
quently, the formula for zop holds for all prime elements zop of F, not just 
the one on which we have chosen to base our constructions. Observe also that 
^^{zop) = ±1 and, indeed, takes only the value +1 when d is odd. 

9.7. We prove the Linear Independence Lemma of 9.5. To summarize the key 
hypotheses, the representation p of Gk is irreducible, cuspidal and totally ram- 
ified, the endo-class 'd{p) e £(-f^) is Ok, and E/K is a tame parameter field for 
Ok. 
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Lemma 1. The endo-classes '&{p~'), 7 G A\r , are distinct. 

Proof. Recall that K nEQ = Kq/F is the maximal unramified sub-extension of 
Eq/F. We think of /A\r as Gal{Ko/F). We set 6*0 = ix/Koi^K), so that Oq is a 
Ko/F-mt of 6». The set of Ko/i^-lifts of 6» is therefore the orbit {O^ ■ 1 ^ ^\r}, 
the conjugates 0q, 7 e /A\r', being distinct. A tame parameter field for Oq is 
provided by Eq/Kq. The field extensions K/Kq., Eq/Kq are linearly disjoint, 
whence Oq has a unique K/Ko-lift, namely 'd{p^). □ 

We temporarily set s = [P:K] = [Pq-.Kq] and t = [Js:o:i^] = We 
fix a prime element vj of Pq and let &a = fi (G'K)reg- We recall that 

p = c-Indj^ kk- In particular, the central character of p is trivial on /jLk and a 
pre-determined prime element wp of F. Consequently: 

Lemma 2. Let g G {GK)feg ^'^^ suppose tr p{g) ^ 0. T/ie element g then has 
a Gx-conjugate lying in p&a, where a — vxi'^'^^g) and p is some element of 

Consider the set of st functions trxp"*^ on (G'K)reg' where 7 ranges over A\r 
and X over XQ{K)g. This set is linearly independent. Let T> denote the space it 
spans. 

Each of the representations xp"^ has central character trivial on {plki'^f)- 
Consequently, Lemma 2 implies that their characters form a linearly independent 
set of functions on the space Uo<a<s-i ^a- denote the dimension of the 

space {f\(Sa '■ f ^ '^}- fixed 7 and a, the functions trxp'^l©^, x G Xq{K)s^ 
are constant multiples of each other. We conclude that Sa ^or all a. However, 

= dim D ^ Sa^ st. 

It follows that 8a — t for all a, whence the functions tr p'^ are linearly independent 
on each set ©a- This proves the Linear Independence Lemma. □ 

10. Discrepancy at a prime element 

We continue our investigation of the character p^ of (9.5.3), attached to a 
character ^ G Xi{E)'^'^^^ . We take a particular prime element w of Eq and show 
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that the value /x^(ro) is independent of ^. It will follow that //^ is independent 
of ^, as required to finish the proof of 9.2 Theorem. We shall rely on the fact 
that the proof of that result is already complete when Eq/F is unramified (9.6 
Corollary). 

10.1. We have chosen in §5 a prime element tUi? of F; we take w e C_Bo(^f) 
(notation of 5.2). We set L = F[w]^ and note that E/L is unramified. We put 
r = Aut(E|F) and Tl = Gal (E/L) C T, so that AcTlCT. Other notation 
is as in §9, particularly d = [K:F]. 

We return to the automorphic induction equation as in (9.2.4), but incorpo- 
rating the conclusion of 9.5 Proposition. It reads 

(10.1.1) tr-7r^(^) = (-l)— i6°,(M^)5^/^(^)5]trT^^(^), geGKnCf^^. 

(Since we will vary the base field, it is now necessary to specify the field extension 
to which the transfer factor S is attached.) We evaluate each side of (10.1.1) at 
an element g = wh, where h satisfies the following conditions: 

(10.1.2) Hypotheses. 

(1) h e pJs = pJe{'^f); 

(2) the group pJs is generated by h and J^; 

(3) the element wh lies in Ge^ ^reg- 

We recall that tt-^ contains the extended maximal simple type A-^ = X^® k, & 

m- 

Proposition. Let g = wh, where h satisfies the conditions (10.1.2). Let x E G 
satisfy x~^gx G J, and suppose that tYA^{x~^gx) ^ 0. The coset xJ then 
contains an element y for which y~^wy e E^ . 

Proof. Write g' = x~^gx, g[ = x~^wx and g2 = x~^hx. In the group G/ (zup), 
the element g[ has finite order relatively prime to p, while g2 is pro-unipotent. 
Moreover, the elements gl commute with each other. It follows that any closed 
subgroup of G containing wp and g' must also contain both g'^. 

Since zu is central in J/ J^, we may write g[ = zuhi, where hi G has finite 
order, relatively prime to p, in J^/J^. There exists w' G Pq H pJ such that 
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g2 = w'h2, where G J°. This element w' is also central in J /J^. Thus h2 
is unipotent in / , Moreover, the elements hi commute with each other in 

We have g' = hih2Z (mod J^), for some z which is central in J/J^. As 
is an irreducible representation of J, trivial on J^, we deduce that ti X^{g') ^ 
if and only if tr A^(/ii/i2) 7^ 0. 

As in the proof of 6.1 Proposition 12 of [13], the condition tr A^(/ii/j.2) 7^ 
implies that hi is conjugate in J^/J^ to an element of fjtK- We may therefore 
adjust X within the coset xJ in order to assume that hi = aij, where ai e 
fjiK and j e J^. The element g'l = zuhi acts on (by conjugation) as an 
automorphism of finite order, relatively prime to p. Applying the Conjugacy 
Lemma of 2.6, we may further adjust x by an element of to assume that j 
commutes with hizu. However, aiwj = g[ has finite p-prime order in G/izop)- 
It follows that j = 1, whence g'l e . □ 

The extension E/L is unramified. Consequently, any F-embedding L ^ E 
extends to an F-automorphism of E. The set of x G G for which x~^wx E E is 
therefore GlNe, where Ne denotes the G-normalizer of E^ . Thus Ne/Ge is 
canonically isomorphic to T = Aut(£^|F). 

We choose a section a i-> ^q, of the canonical map Ne/Ge — > T, such that 
ga e when a E A. The coset space GlNeJ/J can then be decomposed as 
a disjoint union 

GlNeJ/J ^(jGLgaJ/J = [jgaGL'^J/J = [jgaGL'^/JL^, 
a a a 

where a ranges over Tl\T/A. Here, we view A as Gal{E/Eo) and note that J^a 
is not necessarily the same as {Jl)°'- We accordingly decompose the x-trace 

(10.1.3) ti-^xi9)= Yl ^xi9;cx), 

a&TL\T/A 

where 

(10.1.4) L^{g;a)^ Yl ^{dety-^)trA^iy-^g"y). 

Remark. For a G T, the field Eq G E is isomorphic to a tame parameter field 
for 9. However, the decomposition of (10.1.3) and 2.6 Proposition show that it 
will not be a tame parameter field unless it equals Eq. 
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10.2. We return to (10.1.1) and write 

■y&r 

We analyze this expression at the element g = wh, where h E Ge satisfies 
(10.1.2). 

Lemma 1. Let 7 G -T and suppose that tr T'^{wh) 0. The automorphism 7 
of K then extends to an F- automorphism of E. 

Proof. By hypothesis, wh e fl Greg- The algebra F[wh] is therefore a field, 
of degree n over F. It commutes with, and therefore contains, K. Condition 
(10.1.2)(2) implies F[zuh]/K to be totally ramified, of degree n/d. The argument 
is now identical to that of 8.4 Lemma. □ 

Lemma 1 implies 

Jl{wh) ^ {-l)"'-^e^F{f^K)SK/F{^h) J2 trT^^(tI7/t), 

where Tk is the subgroup Aut(£'|i^) of T. We take k G CK(6'), as in 9.2. We 
form Kk = ^a'/fI^) ^ as in 5.6 Proposition, and then ke = {K'k)e G 

^(6's) = 7{eE), as in 5.3 Proposition. We set 

(10.2.1) p = c-IndJi KE. 

Thus = indE/K^P and, equivalently, {t^)e = ^P- Applying 8.1 Proposition, 
relative to the base field K, we get 

trT^{wh) ^ exitu) ^ tr (^p)^(tu/i), 
f^eTK 

where exi^) is the symplectic sign t(^T^^{Jj^/Hj^). In all, 

J{{wh) = (-1) — ! e^ifXK) SK/F{voh) ^Ki-OJ^') t<ipV{wh). 

The element jw lies in /z^, and so acts trivially on Jx/H]^. Therefore 
eK^'Oj'^) = €k{'^) and so 

(10.2.2) :k{wh) = (-1)— 1 e° (mk) eK{tu) 8K/F{voh) ^ tT{ipy{wh). 

7er 
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We write the inner sum here in the form X^^^^ tr ^p(ci7'^/i^), and consider an 
individual term tT^p{zu'^h'^). By construction, the central character of p is 
trivial on Ce{t^f), so 

trep(^J7^/i^) = e(dets(^c7^/i^))trp(/i'^). 

The element h e pJs satisfies h^"^ = zup (mod J^), for an integer a relatively- 
prime to p^e. It follows that detsh = Wp (mod U^), whence ^(det^/i^) = 
^{wf)"'- For the other factor, there is a root of unity C,ij^ & he such that 
w"^ = Ctpw, giving ^(det£CC7^) = C(CV')^'^ C(^)^'^- We therefore have 

(10.2.3) 3l{wh) 

5]e(Cv>r'^trp(/.^). 

Before passing on, we record some properties of the root of unity 
Lemma 2. 

(1) If J G Tl, then (^^ = 1. In particular, Cs = ^ if S E A. 

(2) Ifi; = 7a5, 7 e T^, 5 G then = C^. 

Proof. If /3 G Tl, then zu^ = w by definition, and this proves (1). The map 
ip ^ Ci) satisfies (^^jj — C^C</>; '0; ^ whence (2) follows. □ 

The representation p is fixed by A. Indeed, A is the T-isotropy group of p. 
Using Lemma 2, we may now re-write (10.2.3) in the form 

(10.2.4) :R.{wh) 

E trp(/i^oE^(cj^)'- 

10.3. We return to the expression (10.1.4), 
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for a e Ti\riA. Recalling that A^ — X"!^® we first have 

(10.3.1) trA;J(ti7"y-i/i«y) =x(t^)^"trA;J(Cay-^/i«y). 

To evaluate the expressfon (10.3.1), we first use the method of [13] 6.10. We note 
that EoL°=/L" is a tame parameter field for and Gal(£;/EoL") = ArxT^. 
We put ma = {E-.EqL"^]. Lemma 6.10 of [13] then yields 

(10.3.2) trA;;(Cay-^/i'^2/) = (-1)— « J] tr A;^^ (C«y-'/i"y). 

/3GZinr«\zi 

Second, we use the Glauberman correspondence relative to the action of the 
element of Ce{'^f)- We obtain a representation kl^ e IK(^lc) and a 
constant eF{w'^) = t(^^<x^{J^ / H^) = ±1 such that 

(10.3.3) trK{w'^y-^h'^y) ^ epiw") tr KL^iy'^h'^y). 
For P e A, we set 

aa,p = c-lndj-: Ajr ® «L« e (L«; 0z.«), 

where Ol" = cI{9l°'). Setting x^c = = xoN^c/j;', the relations (10.3.2), 

(10.3.3) yield 

L^{vjh-a) = epiw'^) J] tr-2(7,,^(w«/i«). 

We may now form the representation i-E/L°'{i^L°') ^ '^{Oe)- Transitivity of the 
Glauberman correspondence (5.1.1) implies that (-e/L'^{^L'^) is equivalent to 
the representation ke defined in 10.2. As there, we set p = c-lndjj^ ke- It 
follows that aa,i3 is automorphically induced from a representation X^'na,f3 ■ P 
of Ge, where rja,^ G Xi{E) is given by 9.6 Corollary. The explicit formula 
(9.6.5) shows r]a,i3 depends only on the subfield of P, so we write r]a,j3 — rja- 
Therefore 

tr-2^«,/3(w«/i«) 

= {-ir--'el4fiE)SE/L4^''h-) E tr(x^a-p)'(^"/i"). 

The definition gives SE/L°'{'cc'°'h°') = SE/hi'^h). The representations r/^, p are 
fixed by A and, in particular, by the element 13. So, adding up, we get 

(10.3.4) L^(wh;a) 

= {-lr-'eE{^'')el4^lE)SE/L{^h) E tHxVa-p){i^h)^). 
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10.4. In (10.3.4), we consider the term 

tr ixva ■ P){{^h)^) = X(det£;(^/i)^) r/«(det£;(^/i)^) tr p(/i'^), 

for •!/; G TloiA. The element h Hes in pj^wp), and satisfies = Wp (mod J^). 
This implies det^ h = (mod U^), and therefore 

(10.4.1) x{detEh^) = x{^F)- 
Also, 

(10.4.2) xidetE w^) = xi.'^'^Y^ = x(Cf ) x(ti^)^^ 

where C,^ = w'^ jw e /i^, as in 10.2. 

We next consider the contributions ?7a(detE(ti7/i)^)- We write i\) — 7q:5, with 
7 G and 5 G /I. It will be useful to have the notation 

dL = \E:L\ = \E:L% 

and to recaU that e = e{E\F). By (9.6.5), 

?7„(w") = x2(^^")[-f'^-^l('^^-i)/2 = x(roF)"^'^^"^^/^^ 

Therefore 

r/«(det£;(tu«)) = x(^i.)^''^-('^--i)/2^ 
Since (t^-)'5 = Ca^C'^" = C^C'tu", we get 
r/a(det£;(tu^)) = r/«(det£;(^"'^)) 

All e^-characters of /i^ have order ^ 2, and so are fixed by all automorphisms 
of iiK- Therefore 

(10.4.3) 77c,(dets(ro^)) = k{wfY''^'^^-^^I'^\ 

The next term to consider is ?7Q,(det£; /i'^) = riaivo'p). We have w'^ = uzup, 
for some v G /u^, whence (zu'^y = v'^vop and i^'* G /iLa. In particular, 
^L"it^E'i 1^°') = 1- This gives us 
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and SO 

(10.4.4) VaidetEh^) = Vai^u],) = niwrT''^''^-^^/^ ■ 
Incorporating (10.4.1-4) into (10.3.4), it becomes 

(10.4.5) L^{wh]a) 

= (-1)"^-! 5E/L{^h) xi^F^"^) x(ti7F)(P'^/"+"^)('^^-')/^ 

The factor xiCtp) is ^{Cip)^f{iJ'E',Cip) (9.6 Corollary), li ip = ^a5, we have 
Cv = Ca, and so 

We introduce a new function 

k(/i) = x(roF)(P'^"/''+"^)(^^-^^/^ = ±1, 
where a = a{h) is the integer defined by = Wp (mod J^). 

Remark. The quantity k(/i) is the product of the constant k{wf)p'^'^^^^~^^/'^ = 
±1 and the character pJe — > {±1} given hy h ^ x{wFy^'^'^~'^'>^'^, where 
a = a{h) is defined by h'^'^ = det^;/?. = zup (mod J^). This character is non- 
trivial exactly when di, is even and ep'^ = n/dis odd. 

We return to the automorphic induction relation (10.1.1) in the form 

aerL\r/A 

Following (10.2.3) and (10.4.5), it becomes 

(10.4.6) eUiJ^E)eK{vo) a^l^wP"^) 6K/F{^h) J] e(C^r' tr p(/i^) 

= k{h)xi^F^^^)^E/Li^h) J2 eF(w")ei« (/*£;) eF(M£;;Ca) 

a€rL\r/A 

E e(c^r^trp(/.^). 

By (9.6.5), we have 

(10.4.7) xi^'^F) - e(^^) x(i^f)«-('^-i)/^ 

To simplify further, we need to control the coefficients in the sum. This is 
achieved via: 
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Symplectic Signs Lemma. The function Tl\T / A {±1}, given by 
TluA I — > epiw'^) e% (i^e) e^Ms; Ca), 

is constant. 

We prove this lemma in §11 below. In particular, it implies 

(10.4.8) eF{w'^)elc{nE)el^{iJLE;Ca) = eFMel{nE), aeT. 
We accordingly set 

k'{h) = skM epM elii^E) e%{tiE) HivoEr^'^^-^^l'' k(/i) 

(10.4.9) = eKivo) epivo) eHflE) e%{flE) ^(^p)P'^n{d,-l)/2e+anid-d,)/2 

= ±1. 

Remark. As for the function k, the quantity k'(/i) is the product of a constant, 
with value ±1, and the character pj^ {±1} given by /i i-^ >£{zuf)°''^^'^~'^^^^'^- 
This character is non-trivial exactly when dL = ep^ = 1 (mod 2). 

The fundamental relation (10.4.6) so becomes 

(10.4.10) a^p^)Sj,/Ei^h) J2 tTpih^)j2^&^ 

= k'ih)xi^''^)SE/Li^h) J2 i^Pih'^)T.^&^ 

iier/A 6eA 

(cf. (10.2.4)). 

10.5. To get any further with (10.4.10), we have to cancel the double sum 
occurring in each side. 

Linear Independence Lemma. Let h satisfy (10.1.2), and let Sh be the set 

of u E for which hu satisfes the same conditions. The set of functions 
u ti p^{hu), •0 G A\T , is then linearly independent on Sh. 

Proof. Let S'^ be the set of tt e Jj. for which whu e {GE)fl^- The set of functions 
u i-> tr p'^{hu), ip e ^\^, is then linearly independent on 5'^^: the argument is 
the same as the proof of the Linear Independence Lemma of 9.5. However, these 
functions are all locally constant on 5^, and Sh is dense in ^S^. □ 
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Non-vanishing Lemma. Let h satisfy (10.1.2), and define S^, as in the Linear 
Independence Lemma. Let ^ G Xi{E)^''^^^. There exists u E Sh such that 

J2 trp((M^)5]^(Cj)^V0. 

tl)er/A seA 

Proof. In light of the Linear Independence Lemma, it is enough to show that 
one of the coefficients E^ClCj)^^ e '^/A 

is non-zero. However, if we take 

ip = I, this coefficient reduces to \A\ = m. □ 

The character ^~^x has finite order (9.5 Corollary), so we conclude: 

Proposition. Let ^ e XiiE)^-'""^, Let x = Xc and let h satisfy (10.1.2). There 
exists u & Sh such that 

(10.5.1) r'xi^"! = ^'{hu) Sk/f i'^hu) /Se/l i'^hu) . 

In particular, k.'(/iu) = k.'(/i) = ±1, and dx/pij^hu)/ dE/hij^hu) is a root of 
unity. 

10.6. To reduce the notational load, we assume h was chosen so that 10.5 
Proposition holds with u = 1: this is certainly achievable but the choice of h 
may still depend on ^. 

Transfer Lemma. If the quantity S k / pi'^h) / S e / Li'^h) is a root of unity, then 

dK/p{wh)/SE/L{^h) = dx(tU^)«-(^-'^^)/^ 

where a is the integer defined by h^"^ = zup (mod J^), and d is a sign depending 
only on the ramification indices and inertial degrees in the tower of fields F C 
LcP. 

Proof. We set t = zuh and return to the defining formulas 

A^/^(0 = \\Aj,/Em\T \\dett\\f^'-'^/\ 
Al/^it) = WAE/^mT lldet^tllf ^^-'^-^^ 
Al/Eit) = xiepAK/pit)), A|/^(t) = }iLieLAE/Lit)), 
dK/p{t) = Al/p{t)/A],/p{t), 5E/L{t) = A|/^(t)/A^/^(t). 
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The elements e^, are units of K, E respectively, such that ep^K/pit) G 
and AE/L{t) G . Both are independent of t. 

As 6K/F{t)/^E/L{t) is a root of unity, it follows that A^^p{t) = A^y^(t), or 
that 

^ ■ ■ ^ lldettlir^'-'^ Wdetr.tWl'^"^-'^ || dett||?^(^--^) ' 

Let yk/f denote i;k(Ak/f(*)), so that A|./p(t) = x(ti7F)''^/^^*^. Let ve/l = 
i;£;(A£;/^(t)). Thus, if wl is a prime element of L, then 

Moreover, 

(10.6.2) dK/F{t)/SE/L{t) = A|/^(t)/A|/^(t) = x(z^f)--/--'^--/-/'^-. 
If vo = i;F(dett), the relation (10.6.1) implies 

vk/f - dvE/L/dL = yo{ep^ (d-l) /2 - p"" (dL-l) /2) . 
However, vq = ade + p'^d, giving 

vk/f - dvE/L/dL = [ade+p^d/dL) (ep^(d-l)/2 - p^(di,-l)/2) 
= p" {ade^{d-l) /2 - ade{dL-l) /2 

+ ep''d{d-l)/2 - p'^d{dL-l)/2 

The third and fourth terms contribute a constant integer 

= p^-d{e{d-l)-{dL-l))/2, 



w 



depending only on the fields F C L C P. Since h{wf) is a primitive d-th root 
of unity and ep'^d = n, the relation (10.6.2) reduces to 

where d = h{wfT = ±1- ^ 
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We combine the conclusion of the Transfer Lemma with (10.4.9) and (10.5.1) 

to get 

(10.6.3) r'xM"^ = d' epiw) (/x^;) eUfJ'E), 

where d' is a sign depending only on the ramification indices and inertial degrees 
in the tower of fields F C L C P. By 9.6 Corollary, C~"^x(^) is an e-th root 
of ±1. Since e is relatively prime to p, there is a unique character /j,^ of 
satisfying (9.6.5) and 

jJL^iwY^ = d' 6^(^17) eF(tJ7)e^(/U£;)e^(/U£;). 

This is visibly independent of ^ e Xi{E)'^~^^^ and is fixed by A. 

We have completed the proof of 9.2 Theorem and, with it, the proof of the 
Unramified Induction Theorem of 9.1. □ 

10.7. For convenience, we summarize our conclusions concerning the character 
A* = IJ-a.^^ of 9.2 Theorem. 

Corollary. 

(1) The character /j, = /la^^ G Xi{E)^ satisfies: 

^i{wf) = ^{wfT^'^-'^'^/'^ = ±1, 

where wp is a prime element of F. 

(2) If w is a prime element of Eq lying in Ceo{^f), then 

liiwY^^ = d' eKi-uj) epizu) e^i/JiE) e%{iJiE), 

where d' is a sign depending only on the ramification indices and inertial 
degrees in the tower of fields F C L = F[zu] C P. 

(3) These conditions determine /x uniquely, and /x takes its values in {±1}- 

Proof. Parts (1) and (2) have already been done. Setting e = e{E\F), we have 
zu^ = Qwpi for some C, G ^ieq- We choose integers a and h so that ae + hp^ = 1. 
We get 

/^M = {elACM^F))" ■ i^iwf^^ = ±1, 

whence all outstanding assertions follow. □ 
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11. Symplectic signs 

We prove the Symplectic Signs Lemma of 10.4. This concerns the sign in- 
variants attached to symplectic representations of various cyclic groups over the 
field k = Fp of p elements. The theory of such representations is developed in 
[2] and summarized, with some additions and modifications, in §3 of [13]. To 
prove the desired result, it is necessary to expand that framework a little, to 
cover symplectic k-representations of finite abelian groups of order prime to p. 

11.1. C be a finite abelian group of order not divisible by p. A symplectic kC- 
module is a pair (M, h), consisting of a finite kC-module M and a nondegenerate, 
alternating, bilinear form h : M x M ^k. which is C-invariant, 

/i(cmi, 0777-2) = h{mi,m2)i rrii e M, c& C. 

Example. Let F be a finite kC- module. Let V* = Hom(y,k) and let (,) be 
the canonical pairing V xV* ^ k. We impose on V* the C-action which makes 
this pairing C-invariant. The module V ®V* carries the bilinear pairing 

h{{vi,vl), {V2,V2)) = {VI,V2) - {V2,vl), 

which is nondegenerate, alternating and C-invariant. We refer to the pair 
H{V) = {V ®V*,h) as the C -hyperbolic space on V. 

Returning to the general situation, the obvious notions of orthogonal sum 
and C-isometry apply. A symplectic kC-module (M, h) is said to be irreducible 
if it cannot be written as an orthogonal sum (Mi, hi) ± (M2, /i2), for non-zero 
symplectic modules {Mi, hi). As an instance of the general theory of Hermitian 
forms over semisimple rings with involution [18], [19], we have the following 
standard properties. 

Lemma. 

(1) If {M,h) is a symplectic kC-module, then 

{M,h) ± {M,-h) = H{M). 

(2) Let {M,h) be a symplectic kC -module. There then exist irreducible sym- 
plectic kC-modules (Mi, hi), 1 ^i ^r, such that 

(M, h) ^ (Ml, hi) ± (M2, h2)±---± {Mr, hr). 
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The factors {Mi, hi) are uniquely determined, up to C-isometry and per- 
mutation. 

(3) Let (M, h) he an irreducible symplectic kC -module. If M is not irre- 
ducible as kC -module, there exists an irreducible kC -module V such that 
(M, h) = H{V). In this case, (M, h) = H{U) if and only if either U 
orU^V*. 

11.2. We consider briefly the structure of irreducible kC-modules. 

Let k/k be an algebraic closure, and set f2 = Gal(lk/k). Let x : C — )■ k^ be 
a character. In particular, the finite subgroup x(C) of k^ is cyclic. Let k[x] 
denote the field extension of k generated by the values x(c), c G C. The group 
C acts on k[x] by c : x x(c)x, and so k[x] provides a finite kC-module which 
we denote V^. 

Lemma. The kC -module is irreducible. The map x i-> induces a bisection 
between the set of Q-orbits in Hom(C, k^) and the set of isomorphism classes 
of irreducible kC -modules. 

Proof. The group algebra kC is commutative and semisimple. It is therefore 
isomorphic to a direct product of finite field extensions of k. Indeed, kC = 
J|^k[x], where x ranges over i7\Hom(C, k^). □ 

Observe that, in this formulation, (K^)* — ^x~^" may now list the irre- 
ducible symplectic kC-modules. 

Proposition. 

(1) Let X G Hom(C, k^). The symplectic module HiV^) is irreducible except 
when X 7^ ^'^^ — > fof some uj & Q. 

(2) Let x,i> & Hom(C, k^). The spaces H{V^), II{V^) are C-isometric if 
and only if x is Q-conjugate to i/j or ■0"^. 

(3) Suppose X £ Hom(C, k^) satisfies x~^ — Xf ^ Xj for some u> & Q. The 
module then admits a C -invariant, nondegenerate alternating form. 
This form is uniquely determined up to C-isometry. 

Proof. This is effectively the same as the case of C cyclic, treated in [2] (8.2.2), 
(8.2.3). □ 
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Corollary. Let (M, h) be an irreducible symplectic kC -module. 

(1) If h' : M X M ^ k is a C -invariant, nondegenerate, alternating form, 
then h' is C-isometric to h. 

(2) The image of C in Aut M is cyclic. 

Proof. If {M,h) is hyperbolic, assertion (1) is straightforward. Otherwise, M = 
= k[x], for some In particular, C acts on V-^ via the cyclic quotient x(C) 
and we are reduced to the case of the proposition. 

Assertion (2) is therefore clear in the case where (M, h) is not hyperbolic. If 
it is hyperbolic, then M = © (^x)*' some x- The group C acts on both 
factors via the same cyclic quotient x{C) = x~^{C)- D 

So, if (M, h) is any symplectic kC-module, the C-isometry class of h is deter- 
mined by the kC-isomorphism class of M. We therefore now tend to suppress 
explicit mention of the form h. 

11.3. Let M be an irreducible symplectic kC-module. Suppose, for the moment, 
that C is cyclic. Following [13] 3.4 Definition 3, we may define a constant 
t^{M) = ±1 and a character tl.{M) : C {±1}. We further set tc{M) = 
t^{M) t^(M; Co), for any generator cq of the cyclic group C. It follows from the 
definitions in [13] that these quantities depend only on the image of C in Aut M. 

We return to the general case of a finite abelian group C, of order prime to 
p. Let M be an irreducible symplectic kC-module. The image C of C in Aut M 
is cyclic, by 11.2 Corollary (2). We accordingly define 



tc{M) 

thiM) 



t%{M\ 

the infiation to C of tUM). 



The definitions then yield 



tc{M) 



t%{M)tUM-c), 



for any c G C whose image in Aut M generates C. 
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We extend the definitions in the obvious way: if M is a symplectic kC-module, 
we write it as an orthogonal sum M = Mi _L M2 _L • • • ± M^, where the Mj are 
irreducible symplectic kC-modules, and set 

r 

t^(M) = J]t^(M,), A; = 0,1, 

(11.3.1) 

tc{M) = l[tc{Mi). 

Proposition. Let M be an irreducible symplectic kC -module. If D is a subgroup 
of C , the space of D-fixed points in M is either {0} or M . If — M, 
then 

tD{M)^t^ciM)thiM;d), 
for any d & D generating the image of D in AutM. 

Proof. Since is a C-subspace of M, the first assertion is clear if M is ir- 
reducible as linear kC-module. Suppose, therefore, that M = H{V), for some 
irreducible kC-module V. Thus M = V (B V* . Again, is either zero or V. 
In the first case, (V*)^ is zero, in the second it is V*. The first assertion thus 
follows, and the second is now an instance of 3.5 Proposition 5 of [13]. □ 

11.4. We return to the situation and notation of 10.4, in order to prove the 
Symplectic Signs Lemma. In particular, we have chosen a prime element zup 
of F, and is a, prime element of Eq lying in Ce{'^f)- We are given an 
automorphism a e T = Aut{E\F). The group C = Ce{'^f)/Cf{'^f) is finite 
abelian, of order relatively prime to p. The space Jq / Hq provides a symplectic 
kC-module. 

If M is a symplectic kC-module, we denote by the space of ro"-fixed 
points in M. In particular. Mi is the space of tu-fixed points. We have to prove: 

Proposition. If M is a symplectic kC -module, then 

(11.4.1) t^^.){M)tl^{Ma)tl^{M;wyw)^t^^^{M)tl^{Mi). 

Proof. The t-invariants are multiplicative relative to orthogonal sums (11.3.1). 
We henceforward assume, therefore, that the given symplectic kC-module M is 
irreducible. 
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Consider first the case in which both vo and vo°^ act trivially on M. Each side 
of the relation (11.4.1) then reduces to t^^(M), and there is nothing to prove. 

Suppose next that w acts trivially, while tu" does not. The desired relation 
is then 

(11.4.2) t^^.^{M)t\^{M-w-)^tl^{M). 

The proposition of 11.3 shows that acts on M with only the trivial fixed point 
and, further, t^^c«)(M) = t%{M')t\<{M\w°^). However, since C is generated by 
liE and Cc7, our hypothesis on vo implies t(~;{M) = t^^(M), j = 0, 1. That is, 
t(^«)(M) = t°^(M)t;,^(M;cc7"), whence (11.4.2) follows. 

The next case, where w'* acts trivially while w does not, is exactly the same. 

We are reduced to the case where neither zu nor ix?" acts trivially. If He acts 
trivially, the result is immediate. We therefore assume it does not. The desired 
relation is 

(11.4.3) ^^.^{M)tlJM-w"M = t{^^{M). 

If the root of unity zu°'/w acts trivially on M, this relation is immediate. We 
therefore assume it does not. Using 11.3 Proposition as before, we have 

t(^«)(M) = tO,(M)ti,(M;tu"), 
t^^^{M) = tUM)t'c{M-w). 

We therefore need to show 

(11.4.4) tl^{M;w''/w) = tUM;w^/w). 

If the symplectic FpC-module M is hyperbolic, (11.4.4) follows directly from 
the definition of the character /;^(M). We therefore assume M is not hyperbolic 
over C (one says that M is anisotropic). Let C be some generator of ixe- By 
definition, t^(M) = -1, so 

V, (M) = tUM) th{M; = -tUM; C). 

On the other hand. 
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As in 11.2, M ^V^ = k[x], where x e Hom(C, k=^) satisfies = X'^ 7^ X, for 
some u e f2. In the present case, the k/j,£;-module M has length 

d=[k[x]:k[xU]], 

and is symplectic. Each irreducible linear component is equivalent to Mq = 
MxIhe]- If d, is odd, the space Mq is therefore anisotropic over /lis- We get 
tO^(M) = t°^(Mo)'^ = -1 and tj^^iM) = t^(M)|^^. The desired relation 
(11.4.4) follows in this case. 

In the final case, where d is even, the symplectic k/x^-module M is the direct 
sum of d/2 copies of the hyperbolic space H{Mq). We assert that acts on 
Mq via a character of order 2. Let ko denote the subfield of k[x] for which 
[k[x] : ko] = 2. The group x(C) is then contained in the kernel of the field 
norm Nkj^j/k,^ and this kernel intersects kg in {±1}. As ko contains k[x|/x£;], 
the restriction of x to ^ie has order ^ 2. Indeed, it has order exactly 2, since 
we have eliminated the case where ^e acts trivially. 

In particular, Mq = k. It follows that t^^(M) is non-trivial if and only if 
p = 3 (mod 4) and d/2 is odd (as follows from the definition of in [13]). On 
the other hand, this same condition is equivalent to the character t^(M) being 
non-trivial on ^"■'^(±1). 

This completes the proof of the proposition. □ 

We have also completed the proof of the Symplectic Signs Lemma. 

12. Ivlain Theorem and examples 

We complete the proof of the Comparison Theorem of 7.3, and prove the 
Types Theorem of 7.6. 

12.1. Let a e'pF and let m ^ 1 be an integer. Set E = Zpia). Let Em/E be 
unramified of degree m and set A = Gsl{Em/ E). 

Let S e Sm(-^; Of (a))- By 1.3 Proposition, there exists p e such that 
p\y^ = a. Let pm be the restriction of p to W^^. As in 1.6, there exists a 
Z\-rcgular character ^ G Xi{Er^) such that E = IndEm/pi ® Pm- 

Let Km/F be the maximal unramified sub-extension of Ej^/F and put a ~ 
IndE^/Km ^®Pm- Thus a e S?(-^m; OK^{a)). Since Em/ Km is totally ramified. 
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we may apply 8.2 Corollary to get a unique character = A*i^q £ -^i(-£'m) such 
that 



(12.1.1) V = //0$^^(«)^V, 

for all a e g°(K^; Ok^(q;)). The field K = K^/F is the maximal umami- 
fied sub-extension of E/F. The group A acts on both ^^{K^-^QKmi^)) 
A^{Km'-i ^Kmi"^))-! via its natural action on Km- Both the Langlands correspon- 
dence and the naive correspondence preserve these actions (7.1 Proposition, 7.2 
Proposition). The uniqueness property of //^^ implies it is fixed by /A, that is, 

for a character //f^Q, e Xi[E), uniquely determined modulo Xq^E)^,- 

We remark on one consequence of (12.1.1). Comparing central characters, as 
in 7.2, we get: 

Proposition. The character //^^ agrees on ^^^^ 'the discriminant char- 

acter (Ie^ /Km of the extension Em/ Km- The character jj,^,^ agrees onUx with 
ds/K- 

12.2. For the next step, we have S = IndKm/F so 

= Ak^/f "-cr, = indKm/F ""cr. 

In particular, 

(12.2.1) = 0*.(a) Ak^/f V 

by (9.1.3). The Unramified Induction Theorem of 9.1 (or 9.2 Theorem) gives a 
unique character fXa"" £ Xi{Em) such that 

Ak^/f r = indKm/F f^a""^^ ©^^^(a) r, 
for every Z\- regular r e Ai{Km', $k^(q!)). We write 
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for a character //^(a G Xi{E), uniquely determined modulo Xo{E)m- Applying 
(9.1.3), we find 

(12.2.2) ^r = /.^/,^/.^y,0^,(,)^r, 

and this relation holds for all E e Q'^{F;^F{a)). The character 

(12.2.3) f^i,a = f^Sa f^i,a ^ X^{E) 

is uniquely determined modulo Xo{E)m, and satisfies the requirements of the 
Comparison Theorem. □ 

12.3. We prove the Types Theorem of 7.6. We use the notation of the state- 
ment. In addition, we let E^/F be the maximal tamely ramified sub-extension 
of Pm/F a.ndK = Er\Km 

The representation '^E contains an extended maximal simple type Aq G 7{9) 
of the form K i/q, where vq e 'K{0) satisfies detz^o(C) — 1; for C ^ I^Km- 
By the Comparison Theorem, the representation contains the representation 

/^m,a0^e^(^)- 

We evaluate ji^^oi units by first using the decomposition (12.2.3). The 
factor /if^Q, is dE/Ki which is unramified if [E:K] is odd, of order 2 on Uk 
otherwise. The other factor of /x^^q, is given by (10.7) Corollary, and the result 
then follows from 5.4 Lemma. □ 
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